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Abstract. We provide necessary and sufficient conditions for stochastic in- 
variance of finite dimensional submanifolds with boundary in Hilbert spaces 
for stochastic partial differential equations driven by Wiener processes and 
Poisson random measures. Several examples illustrate our results. 



1. Introduction 
Consider a stochastic partial differential equation (SPDE) of the form 
(1.1) 

j drt = {Art + a{rt))dt + a{rt)dWt+ Jj^-/{rt-,x){p(dt,dx) - F{dx)dt) 
\ ro = ho 

on a separable Hilbert space H driven by some trace class Wiener process ly on a 
separable Hilbert space H and a compensated Poisson random measure fi on some 
mark space E with dt (g) F{dx) being its compensator. Throughout this paper, we 
assume that A is the generator of a Co-semigroup on H and that the mappings a, 
a = {a^)j(zfi and 7 satisfy appropriate regularity conditions. 

Given a finite dimensional C'^-submanifold M with boundary of H , we study the 



stochastic viability and invariance problem related to the SPDE ( In particular 



we provide necessary and sufficient conditions such that for each ho £ A4 there 



is a (local) mild solution r to (1.1) with tq = ho which stays (locally) on the 
submanifold M. 



Any finite dimensional invariant submanifold A4 for the SPDE (1.1 1 gives rise 
to a finite dimensional Markovian realization of the respective particular solution 
processes r with initial values in A4, i.e. a deterministic C'^-function G and a finite 
dimensional Markov process X such that rt — G{Xt) up to some stopping time. 
This proves to be very useful in applications, since it renders the stochastic evolu- 
tion model ( |l.l[ ) analytically and numerically tractable for initial values in M. An 
important example is the so called Heath- Jarrow-Morton (HJM) SPDE that de- 
scribes the evolution of the interest rate curve. Stochastic invariance for the HJM 
SPDE has been discussed in detail in d H [51 [IHl EH HI H [23] for the diffusion 
case. The present paper completes the results from [T^l [111 [IZ] by providing explicit 
stochastic invariance conditions for the general case of an SPDE with jumps. 

Stochastic invariance has been extensively studied also for other sets than ma- 
nifolds. In finite dimension the general stochastic invariance problem for closed 
sets has been treated, e.g., in [7] in the diffusion case, and in [37] in the case 
of jump-diffusions. In infinite dimension we mention, e.g., the works of j221 I28j . 
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where stochastic invariance has been estabhshed by means of support theorems for 
diffusion-type SPDEs. 

We shall now present and explain the invariance conditions which we derive in 
this paper. Let us first consider the situation where the jumps in ( 1.1 ) are of finite 
variation. Then, the conditions 



(1.2) 

(1.3) 

(1.4) 
(1.5) 



M C V{A), 



heM\dM 



for all j eN 



[ThdM, hedM, 
h + 7(/i, x) ^ M for F-almost all x e E, for all h e M 



j{h,x)F{dx) e 



E 



ThM, 
(ThM)- 



heM\dM 
hedM 



are necessary and sufficient for stochastic invariance of 7W for (1.1 1. 

Condition (1.2) says that the submanifold Ai lies in the domain of the infinites- 
imal generator A. This ensures that the mapping in (1.5) is well-defined. Condition 
(1.3) means that the volatilities h i-^ a^{h) must be tangential to A4 in its interior 
and tangential to the boundary dM at boundary points. Condition (1.4) says that 
the functions h h + '-f{h,x) map the submanifold Ai into its closure Ai. Con- 
dition (1.5) means that the adjusted drift must be tangential to A4 in its interior 
and additionally inward pointing at boundary points. 

In the general situation, where the jumps in (1.1) may be of infinite variation, 
condition (1.5) is replaced by the three conditions 

(1.6) / \{rjh,lih,x))\F{dx) <oo, hedM 

Je 

Ah + a{h)-]^Yl Dcr^ {h)a^ (h) 

- / U(^T,M)^lih,x)F{dx) eThM, heM 
Je 

{rih,Ah + a{h))-\Y.^i^h,Da^{h)a={h)) 



(1.7) 



(1.8) 



{'nh,l{h,x))F{dx) > 0, 



hedM 



where rjh denotes the inward pointing normal (tangent) vector to dM at boundary 
points h £ dM. 

Condition ( 1.6 ) concerns the small jumps of r at the boundary of the submanifold 
and means that the discontinuous part of the solution must be of finite variation, 
unless it is parallel to the boundary dM. Denoting by Hk the orthogonal projection 
on a closed subspace K C H, we decompose 

jih^x) = UT^Ml{h,x) +U(^ThM)^j(h,x). 



As we will show, condition (1.4) implies 
(1.9) 



^{ThM)-^^{h,x)\\F{dx) < oo, heM. 
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The essential idea is to perform a second order Taylor expansion for a parametriza- 
tion (j) around h to obtain 

miT,MVl{h, x)\\ = \\-,{h., x) - IiT,Ml{h, x)\\ < Chih, x)\\^ 



conditions (1.71, (1.8 1 correspond to (1.5). 



for some constant C > 0. By virtue of (1.9 1, the integral in (1.7 1 exists, and hence 



As in previous papers on this subject we are dealing with mild solutions of 
SPDEs, i.e. stochastic processes taking values in a Hilbert space whose drift char- 
acteristic is quite irregular (e.g., not continuous with respect to the state vari- 
ables). Therefore, the arguments to translate stochastic invariance into conditions 
on the characteristics are not straightforward. The arguments to prove our sto- 
chastic invariance results can be structured as follows: First, we show that we can 
(pre-)localize the problem by separating big and small jumps. Second, prelocal 
invariance of parametrized submanifolds can be pulled back to by a linear pro- 
jection argument tracing back to [13j . Both steps require a careful analysis of jump 
structures, which leads to the involved invariance conditions. 

The remainder of this paper is organized as follows: We state our main results 
in Section [2j In Section [3] we prove invariance results for submanifolds with one 
chart, and in Section[4]we prove the main results. In Section[5]wc apply our results 
to the particular situation, where the Poisson random measure is generated by 
finitely many independent Levy processes, and in Section |6] we present several 
examples illustrating our results. For the convenience of the reader, we provide 
the prerequisites on SPDEs in Appendix [K\ and on finite dimensional submanifolds 
with boundary in Appendix |Bj For the sake of lucidity, we postpone the proofs of 
some auxiliary results to Appendix [Cj 

2. Statement of the main results 

In this section we introduce the necessary terminology and state our main results. 
We fix a filtered probability space (fJ, J", ( J't)t>o, P) satisfying the usual conditions. 
In Appendix [A| below we review some basic facts about SPDEs of the type (1.1) 
and we recall the concepts of (local) strong, weak and mild solutions. In particular, 
in view of (A. 2), equation (1.1) can be rewritten equivalently 



(2.1) { + Jj^j{rt-,x){n{dt,dx) - F{dx)dt) 
ro = ho, 

where (/3^ )jgN is a sequence of real- valued independent standard Wiener processes. 
We next formulate the concept of stochastic invariance. 

2.1. De finit ion. A non-empty Borel set B C H is called prelocally (locally) invari- 
ant for (2.1), if for all ho £ B there exists a local mild solution r ~ r'^^"^ to (2.1) 
with lifetime r > such that up to an evanescent se^ 

(r^)_ e B andr'' eB 

(r" e B). 

The following standing assumptions prevail throughout this paper: 

• A generates a Co-semigroup {St)t>o on H. 

• The mapping a : H ^ H is locally Lipschitz continuous, that is, for each 
n G N there is a constant L„ > such that 

(2.2) \\a{hi)-a{h2)\\<Ljhi-h2\\, hi,h2 e H with \\hi\\,\\h2\\ < n. 



random set A G fix K-i- is called evanescent if the set {oj S f2 : (uj, t) £ A for some t S 
is a P-nuUset, cf. 1.1.10]. 



4 



DAMIR FILIPOVIC, STEFAN TAPPE, AND JOSEF TEICHMANN 



• For each n e N there exists a sequence {K^n)jeN C M+ with J2jeNi'^n)^ < °° 
such that for all j E N the mapping : H ^ H satisfies 

(2.3) h'{hi)-a'{h2)\\<ni\\h^-h2\l h^^h^ H with \\hil\\h2\\<n, 

(2.4) \\a^{h)\\<Ki, he H wiih.\\h\\ <n. 

Consequently, for each j G N the mapping &■> is locally Lipschitz continuous. 

• The mapping ^ : H x E ^ H \s measurable, and for each ri e N there 
exists a measurable function pn : E ^ IR+ with 



(2.5) 



such that for all x E E the mapping 7(», x) : H ^ H satisfies 

(2.6) \\-f{hi,x)~-f{h2,x)\\ < Pn{x)\\hi - h2l hi,h2e H With\\hi\\,\\h2\\ < U, 

(2.7) ||7(/i,x)|| < p„(a;), /i e with ||/i|| < n. 

Consequently, for each x Cz E the mapping 7(», a;) is locally Lipschitz con- 
tinuous. 

• We assume that for each j G N the mapping : H ^ H is continuously 
differentiable, that is 



(2.8) 



a^(zC\H) foralljeN. 



The first four conditions ensure that we may apply the results about SPDEs from 
Appendix \K\ We furthermore assume that: 

• is a finite-dimensional C'^-submanifold with boundary of H, see Appen- 
dix E 

Our first main result now reads as follows. 
2.2. Theorem. The following statements are equivalent: 



(1) A4 is prelocally invariant for [2.1). 



(2) We have \L^-\r^ and \L0f^\r^. 

In either case, A and the mapping in (1.1) are con tinu ous on Ai, and for each 
ho £ M there is a local strong solution r — r^''"-* to (2.1). Moreover, if instead of 
11.4^ we even have 

(2.9) h + j{h,x)eM for F -almost all X € E, forallh€M, 



then A4 is locally invariant for (2.1). 



2.3. Remark. It follows from Theorem 2.2 that (pre-)local invariance of Ai is 
a property which only depends on the parameters {a,a^ ,^,F} - that is, on the 
law of the solution to (2.1). It does not depend on the actual stochastic basis 



Note that local invariance of Ai does not imply (2.9), as the following example 
illustrates: 



(2.10) 



2.4. Example. Let H = R, {E,£) = (M,6(M)), M = [0,1) and consider the SDE 
j drt = dt + J^j{rt-,x)p{dt,dx) 
\ ''o = ho, 

where the compensator dt®F{dx) of p is given by the Dirac measure F — 5^i^ and 
7:MxM^M, -i{h,x) ^ I - 2h. 
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Then, Ai is locally invariant for \2.10 ). Indeed, let ha ^ M he arbitrary. There 
exists e > with Hq + e < 1 . We define the stopping time t > as 



T := m{{t >0:rt^ho + e}A inf{i > : ^^([0, t] x M) 
Then we have [r'^'^^^Y G up to an evanescent set, because 
h + j{h,x) = l-heM, he (0,1) 



!}• 



showing that M is locally invariant for (2.10). However, the jump condition |^ 
is not satisfied, because for h — we have 

h + j{h,x) = 1 
Nevertheless, we see that condition 



1.4) holds true, because 1 G A^. 



If is a closed subset of H and global Lipschitz conditions are satisfied, then 
we obtain global invariance. This is the content of our second main result. Recall 
that the semigroup {St)t>o is called pseudo-contractive, if 



15*11 <e'' 



t > 



(2.11) 
for some cj e M. 

2.5. Theorem. Assume that the semigroup {St)t>o is pseudo- contractive and that 
conditions l2.2)-(2.1) hold globally, i.e. the coefficients L„, ('«n)jeN; Pn do not 



depend on n e N, and with the right-hand sides of {2.4), (2.1) multiplied by (1 
\\h\\). If M is a closed subset of H , then {1.2)~(1.4) and { 1.6) -^!. 8 ) imply that for 
any Hq e M there exists a unique strong solution r — r^^^^to (2.1) and r e M. up 
to an evanescent set. 



2.6 

E - 



The above two theorems simplify in the case of jumps with finite variation: 

Theorem. Suppose for each n G N there exists a measurable function 0„ : 
M-i_ with 9n{x)F{dx) < 00 such that 

(2.12) \\j{h,x)\\ < 9nix) for all h e M with \\h\\ <n and all x e E. 

Then, Theorems 2.2 and 2.5 remain true with |77^-^T^ being replaced by (1.5) 
and the mapping in (1.1) being replaced by the mapping in (1.5). 



2.7. Remark. We shall briefly comment on our assumptions: 

• The assumption that the suhmanifold Ai is of class is a technical as- 



sumption, which we require for the proof of Lemma 3.5 Theorems 2.2 2.5 
and 2.6 also hold true for -submanifolds, but in this case the proof of 
Proposition \3.1^ below is more involved, because we only obtain the exis- 
tence of martingale solutions to (3.26). 

In Theorem 2.5 the assumption that the semigroup {St)t>o is pseudo- 



contractive is also a technical assumption, which allows us to apply Theorem 



A. 6: ensuring existence of mild solutions to (2.1) with cddldg paths. The- 
orem ^27^ holds true for every C^-semigroup, but then the proof becomes 
more involved, because we only obtain the existence of mild solutions to 



(2.1) which might not have a cddldg version. 



The following results supplement Theorems |2.2[ |2.5| and |2.6| by providing neces- 
sary conditions for (pre-)local stochastic invariance. If the mark space is a Banach 
space, then the support of the measure F is defined as 

supp(F) := {x eE : F{B,{x)) > for all e > 0}, 

where B^{x) denotes the open ball B^i^x) G i? : ||^ — .t|| < e}. 
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2.8. Proposition. Suppose condition [1-4) is satisfied and the mark space E is a 
Banach space. Let h Cz Ai and x d E be such that ^{h, •) : E ^ H is continuous 
in a neighborhood of x and differentiable in x with ^{h,x) — 0. Then, for every 
direction v € E, v the following statements are true: 

(1) Suppose there exists a sequence (t„)„gN C (0,oo) with t„ — !■ such that 

{x + tnV : n e N} C supp(F) or {x - tnV : t e N} d supp(F). 
Then we have 
(2.13) R,j{h,x)v eThM. 

(2) Suppose h e dM and there exists a sequence {tn)neti ^ (0, oo) with t„ — ?• 
such that 



Th 



en we nave 



(2.14) 



+ t„t> : n € N} C supp(i^). 



D^-i{h,x)v e (ThM)^ 



(3) Suppose h € dAA and there exist sequences {tn)neN, (•Sn)neN C (0,oo) with 
tm Sn such that 

{x + tnV : n e N} C supp(F) and {x — SnV : i G N} C supp(i^). 

Then we have 

(2.15) D^-f{h,x)v eThdM. 

Further examples illustrating our main results from this section are provided in 
Sections [H and |6] below. 



3. Invariance results for submanifolds with one chart 
In this section, we shall prove invariance results for submanifolds with one chart. 



First, we provide a stronger invariance property than Definition 2.1 Let tq be a 
bounded stopping time and consider the time-shifted version of (2.1), 



(3.1) 



drt - {Art + a{rt))dt + j:^^,,a^irt)dl3i^°^'' 
+ fElirt-,x){fi'-'"'Hdt,dx) ~ F{dx)dt) 

ho 



for some J>o -measurable random variable /iq : — > -ff. In (3.11, the sequence 



(/3(^°^''')jgN is a sequence of real- valued independent standard Wiener processes 
and /i^'^"'' is a time-homogeneous Poisson random measure, both relative to the 
filtration {J-To+t)t>a- We refer to Appendix [A| for further details. 

3.1. Definition. A non-empty Borel set B C H is called locally strong invariant 



for (3.1 1, if for each bounded stopping time tq and each bounded -measurable 



random variabl e hp . fl ^ H with ¥{ho G i?) = 1 there exists a local mild solution 
r = 7-('^o,'io) i^S.l] with lifetime r > such that r"^ ^ B up to an evanescent set. 



For technical reasons, we will also need the following concepts of prelocal (strong) 
invariance: 

3.2. Definition. Let Bi C B2 C H be two nonempty Borel sets. 



(1) Bi is called prelocally invariant in B2 for ( 2.1), if for all ho G Bi there 



exists a local mild solution r — r^''°^ to (2.1) with lifetime r > such that 
(r"^)- G Bi and r"^ G B2 up to an evanescent set. 
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(2) Bi is called prelocally strong invariant in B2 for (3.1), if for each bounded 
stopping time tq and each bounded Tt-^ -measurable random variable ho : 
ft ^ H with P(/io G Bi) = 1 there exists a local mild solution r — r^'^"''^°^ 
to {3.1) with lifetime r > such that {r'^)- G Bi and r"^ G B2 up to an 
evanescent set. 

Note that any non-empty Borel set B C H is prelocally (strong) invariant for 



(2.1) in the sense of Defini tion 2.1 (Definition 3.1) if an d on ly if B is prelocally 
(strong) invariant in B for (2.1) in the sense of Definition 



3.2 



Now, let G be another separable Hilbert space. For any fc G N we denote by 
C^{G] H) the linear space consisting of all / G C^{G] H) such that D*/ is bounded 
for all i — 1, . . . ,k. In particular, for each / G C^{X; Y) the mappings D'^f, i = 
0, . . . , fc — 1 are Lipschitz continuous. We do not demand that / itself is bounded, 
as this would exclude continuous linear operators / G L{G,H). 



3.3. Definition. Let a : H 

mappings satisfying 

(3.2) 5]||a-'-(/.)|P<c^ 



H, : H ^ H, j e N and J : H X E 

heH 



H be 



(3.3) 



/ \\-/{h,x)fF{dx) <oo, heH 
Je 



and let f : G H and g G C^{H;G) be mappings. We define the mappings 
{f,gra -.G-^G, {f,gYa^ -.G^G, j eN and {f,gY^ : G x E ^ G as 

((/, g)*a)(z) Dg{h)aih) + ^ ^ D'gih){a^ ih),a^h)) 

3 en 

+ I {g{h + ^{h,x))-g{h)-Dg{h)^{h,x))F{dx), 

JE 

{{f,gya^){z) := Dgih)aHh), 
{{f,grj){z,x) -.^gih + ^fih^xY-gih), 
where h = f{z). 

3.4. Remark. Note that the mapping (/, g)*a is well-defined. Indeed, for any h G 
H, by [g.gp we have 

J2 \\D'9{h){a={h),a={hm < \\D'g{h)\\ ^ \\a^ ih)^ < 00, 
jeti jeti 

and by |5.5|) and Taylor's theorem we have 

\\g{h + -f{h, x)) - g{h) - Dg{h)-f{h, x)\\F{dx) 



< 



\D'g\\ 



\\-f{h,x)fF{dx) < 00. 



3.5. Lemma. Let a : H ^ H , : H ^ H , j e N and j : H x E ^ H be mappings 



satisfying the regularity conditions \2.2^ -(2.4 ) and {2.6)-(2.8). Then, the following 
statements are true: 

(1) The mappings {f,g)*a, ((/, ff)*o''') jgN md {fjg)*j also fulfill the regularity 
conditions (2.2)-\2^ and \2.(^-( 2.8) with the mappings pn : E ^ , 



(3.4) 



n G N appearing in (2.6 ), {2. ?[ ) satisfying 



PnixY F{dx) < 00. 
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(2) If g (z L{H, G), then the mappings p„ : i? — > M+, n G N appearing in (2.6), 
(2.1) even satisfy (2.5). 

Proof. We define the mappings a : H G, ly' : H G, j <E N and c : H x E ^ G 
as 

a{h) :— ai[h) + d2{h) + a3(/i), 
y>{h) ■.^Dg{h)a^{h), 
c{h, x) -.^ g{h + 7(/i, x)) - g{h), 
where a i, 0,2, 03 : — > G are given by 
ai{h) Dg{h)a(h), 

,{h) ■.^\Y,D^g{h){a^h),a^{h)), 



a2[ 



az{h):= / {g{h + -i{h,x))-g{h)-Dg{h)-i{h,x))F{dx). 

J E 

Then we have V e G^{H;G) for ali j G N. By Tayior's theorem, we have the 
representations 

(3.5) a3{h)= [ [ {l-t)D^g{h + 'y{h,x)){j{h,x),j{h,x))dtF{dx), heH 



E JO 
1 



(3.6) c{h,x)^ Dg(h + tj{h,x))j(h,x)dt, {h,x) e H x E. 
Jo 

Let n G N be arbitrary. Furthermore, let h ^ H with \\h\\ < n be arbitrary. By 
( |2.4[ ) , for all j G N we have 

||fe^'(^)|| < \\Dg\U\a^{h)\\ < WDgW^ni, 



and by (2.7) and the representation ( |3.6[ ), for all a; G E' we have 

\\c{h,x)\\< f \\Dg\\oc,\h{h,x)\\dt<\\Dg\\^pn{x). 



Now, let /ii,/i2 G with ||/ii||, ||/i2|| < n be arbitrary. Using estimate (2.2), we 
obtain 

\\ai{hi) - ai(/i2)|l = \\Dg{hi)a{hi) - Dg{h2)a{h2)\\ 

< ||£>3(/ii)a(/ii) ~ Dgih2)aihi)\\ + ||I?g(/i2)a(/ii) - i^g(/i2)«(/i2)|| 

< (|li525|U(i„« + ||a(0)||) + \\Dg\\^Lr^)\\hi - /i2||. 
Moreover, we have 

\\d2{hi) - d2{h2)\\ < \\D^g{hi){o'{hi),o^{hi)) - D^g{h2){a'{h2),a'{h2))\\ 



<||i?V/»i)llEll^'('^i)INI^'('^i)-^'(Mll 

+ \\D^g{h,) D^g{h2)\\ J] ||a^"(/.i)|| \\aHh2) 



+ ||i?V/^2)|lEll^'('^l)-'^-''(^2)|| |k-'"(/.2)|| 

By estimates (2.3), (|2.4|) we obtain 



||a2(/il) - a2(/i2)|| < {m^gWoo + \\D^9\\oo)(Y.{<? ]\\h,- h2\\. 
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Furthermore, we have 
Wasihi) - a3(/i2)|| < 



\D'^g{hi + t-f{hi,x)){j{hi,x),j{hi,x)) 



E Jo 



< 



E JQ 



D^g{h2 + tj{h2, x)){-i{h2, x),j{h2,x))\\dtF{dx) 

\D^gihi+t-fih,,x))\\\\jihux)\\ \\^ihux)--fih2,x)\\dtFidx) 

\\D^g{h, + Hhi,x)) - D^g{h2 + tj{h2,x))\\ 
X \hihi,x)\\ \\-f{h2,x)\\dtFidx) 

1 

\\D^g{h2+Hh2,x))\\ \\j{hi,x)~-f{h2,x)\\ \\-f{h2,x)\\dtF{dx). 



E Jo 



E Jo 



Noting that, by (2.6 1, for aU {x, t) e E x [0, 1] we have 
(3.7) 

\\D^g{hi + tj{hi,x)) ~ D^g{h2 + t-f{h2,x))\\ 

< \\D^g\\oc\\hi+t-f{hi,x) ~h2- tj{h2,x)\\ 

< p3^||oo(||/ii - h2\\ + \h{hi,x) - j{h2,x)\\) < \\D^g\\oo{l + PnixMhi 



using estimates (2.6 1, (2.7) we get 

Wasihi) - a3(/i2)|| 

< (^2\\D^g\\^ pr,{xfF{dx) + WD'^gWoo {Pn{xf + Pr,{xf)F{dx)^ ll/ii - h2\\ 

By estimates ( |2.3[ ) , \2A\ , for all j e N we obtain 

WVih^) - b>{h2)\\ = \\Dg{hi)a'{hi) - Dg{h2)a'{h2)\\ 

< \\Dg{hi) - Dg{h2)\\ \\<j' {hi)\\ + \\Dg{h2)\\ \\a^ (h,) - <j^h2)\\ 

< {\\D^g\\oo + \\Dg\\aoX\\hi - h2\\. 
For all a; G i? we obtain 

\\c{hi,x) - c{h2,x)\\ 



< 



< 



\\Dg{hi +t'y{hi,x))-f{hi,x) - Dg{h2 + tj{h2,x))j{h2,x)\\dt 



\\Dg{hi+t'y{hi,x))-Dg{h2+t-f{h2,x))\\ \\-f{hi,x)\\dt 



+ / \\Dg{h2+tjih2,xm\h{h,,x)-jih2,x)\\dt. 



Arguing as in (3.7), for all G i? x [0, 1] we have 

\\Dg{hi + t^ihi,x)) - Dg{h2 + t^{h2,x))\\ < \\D^g\\^il + pnixMhi 



Using estimates (2.6 1, (2.7), we obtain 
(3.8) 

\\c{hi,x) ~ c{h2,x)\\ < {\\D'^g\\ooiPn{x) + Pn{xY) + ||£'.9lloo/5n(a;))||/ii - h2\\. 
Since (/, g)*a = a o /, (/, gfa^ ^b^ of, j eN and ((/, g)*7)(», x) = c(., x) o /, 



X e -B we deduce that conditions ( |2.2[ )-( |2.4[ ) and (|2.6| -( |2.8[ ) are satisfied with the 
mappings p„ : — >■ M_|_, n e N appearing in (2.6 1, (2.7 1 satisfying (3.4). This proves 
the first statement. If g £ L{H,G), then we have D'^g = 0, and hence, estimate 
(3.8) shows that the mappings pn : E ^ K+, n G N appearing in (2.6 1, (2.7) even 
satisfy (2.5), establishing the second statement. □ 
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Now, let A/" be a C'^-submanifold with boundary of G. We assume there exist 
parametrizations : V" — > and ip : V ^ Af. Let /:=</) o : JV ^ M and 
g := : A4 ^ Af. This is illustrated by the following diagram: 



A/'C G: 



/ 



■McH 




We assume that 0, -0, $ := \ := i/" ^ have extensions (j) £ Cf(E"';i?), 
tjj e C^iR"';G), $ e C^{H;R"'), * G Ci^(G;M"). Consequently, the mappings /, 
g have extensions f e C^{G] H), g e C^{H; G). 

Let Otk C C be subsets. We define the subsets Oj\f C Cj\f C A/" by 
Om := ff(OA^) and Gaa g{CM)- 

3.6. Definition. Let /3 : -> i7, : Dm ^ H , j e N and j: Dm ^ E ^ H be 

mappings satisfying 

< oo, h€OM 
\\^{h,x)\\'^F{dx) < oo, heOM- 



We define the mappings f*/3 : Oj^ G, f*(j^ : O^^ ^ G, j E N and f*j : 
Oj^ X E -i' G as 

(r/?)(z) -.^ Dgih)m + lT.D'9mcr^ih),a^{h)) 



{g{h + j{h, xj) - g{h) - Dg{h)j{h, x))F{dx), 



Dg{h)nHh), 

g{h + 'y{h,x)) - g{h), 



{f*j){z,x) 
where h = f{z) e Oai- 

Now, we consider the G-valued SDE 
(3.9) 

r dZt = a{Zt)dt + J2jeN ^{Zt)dPl + c{Zt-,x){^i{dt, dx) - F[dx)dt) 

as well as the time-shifted version 

r dZt = a{Zt)dt + j:^^,,V{Zt)d(3i^"^'' 
(3.10) <^ + J^c{Zt-,x){fi'^'-«\dt,dx)- F{dx)dt) 

( Zq — Zq, 

where a : G ^ G, V : G — G, j G N and c : G x E ^ G are mappings satisfying 



the regularity conditions (2.2H2.4) and (2.6)-(2.8) 



For our subsequent analysis, the following technical definitions will be useful. 



3.7. Definition. The set Om is called prelocally invariant in Gm for (2.1) with 



solutions given by (3.91 and /, if for all Hq g O^vt there exists a local strong solution 
Z = z^Biho)) l-g.gp mth lifetime t > such that (Z^)_ S Oat and Z^ e Gm up 
to an evanescent set and f{Z) is a local mild solution to (2.1) with initial condition 
Hq and lifetime t. 
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3.8. Definition. The set Om is called prelocally strong invariant in Cm for (3.1) 



witli solutions given by (3.10) and /, if for each hounded stopping time tq and each 
hounded J- t^^- measurable random variable Hq : D, ~> H with P(/io G Oj^) = 1 there 



exists a local strong solution Z — Z'--^^'^"^^ to {3.10) with lifetime r > such that 
{Z'^)- G Oj\f and Z'^ £ CV up to an evanescent set and f{Z) is a local mild solution 
to \3.1\) with initial condition Hq and lifetime t. 



The following two auxiliary results are direct consequences of the previous defi- 
nitions. 



3.9. Lemma. Suppose Om is prelocally invariant in Cm for {2.1) with solutions 
given by and f . Then, the following statements are true: 



(1) Dm i'S prelocally invariant in Cm for (2.1). 

(2) Oj^ is prelocally invariant in Cj^ for I3.i^ . 



3.10. Lemma. Suppose Om is prelocally strong invariant in Cm for (3.1) with 
solutions given by (3.10) and f . Then, the following statements are true: 

(1) Om is prelocally strong invariant in Cm for {3.1^ . 

(2) Ojv is prelocally strong invariant in CV for (3.10). 



If the generator A is a continuous, i.e. (2.1) is rather an SDE than an SPDE 



then the just introduced invariance concept transfers to the sets Oj^ and Cj^: 
3.11. Lemma. Suppose A G L{H). Then, the following statements are equivalent: 



(1) Om is prelocally invariant in Cm for (2.1) with solutions given by |5 
and f . 



(2) Oj^ is prelocally invariant in Cj\f for (3.9) with solutions given by (2.1) and 
9- 

Proof. (1) =^ (2): Let zq e 0_\f be arbitrary and se t hg := f{za) G Om- There 
exists a local strong solution Z = Z^^iho)) = ^^(^0) to with hfetime r > such 



that {Z^)- G O^f and Z'^ G CV up to an evanescent set and, since A G L{H), the 
process r = f{Z) is a local strong solution to ( 2.1 ) with initial condition ho — /(^o)- 
Therefore, we have G Om and r'^ G Cm up to an evanescent set and g{r) is 

a local strong solution to (|2.1|) with initial condition zq and lifetime r. 



(2) (1): This implication is proven analogously. □ 
3.12. Lemma. Suppose A G L{H). Then, the following statements are equivalent: 



(1) Om is prelocally strong invariant in Cm for (3.1) with solutions given by 



(3.10) and f. 



(2) Oj\f is prelocally strong invariant in Cj\f for (3.10) with solutions given by 
(3.1) and g . 



Proof. The proof is analogous to that of Lemma 3.11 



□ 



3.13. Proposition. The following statements are equivalent: 



(1) Om is prelocally invariant in Cm for (2.1) with solutions given by |^ 
and f . 

(2) Ojv is prelocally invariant in C_\f for ^ST^ and we have 

(3.11) Om c V{A), 

(3.12) {A + a){h) ^ {g*a){h) forallheOM 

(3.13) a^{h) = {g*V){h) for all j G N, for all h e Om 

(3.14) '){h,x) = {g*c){h, x) for F -almost all x Cz E, for all h G Om 
In either case, A is continuous on Om ■ 
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Proof. (1) (2): By Lemma 3.9 the set Oj^ is prelocally invariant in CV for (3.9). 
Let h G Om be ar bitra ry. Since Om is prelocally invariant in Cm for (2.1) with 
solutions given by (3.9) and /, there exists a local strong solution Z = Z^^^^^ to 
(3.9) with lifetime r > such that {Z'^)^ € Oj^ and Z'^ G Cj\f up to an evanescent 
set and r f{Z) is a local mild solution to (2.1) with initial condition ho and 
lifetime r. By Ito's formula (Theorem A. 16) we obtain P-almost surely 

ftAT 

{g*a){rs)ds 



rt/\r 



fiZtAr) = h - 

ftAT 



E 



{g*c){rs-,x){n{ds, dx) - F{dx)ds), t > 0. 



Let C € 2? (A*) be arbitrary. Since r is also a local weak solution to (2.1) with 
lifetime r, we have P-almost surely 

(C, rtAr) = (C, h) + I {{A*C, r,) + (C, a(r,)))ds 
{C,a'{r,))dl3l 

(C,7(rs_,a;))(/i(ds,da;) - F{dx)ds), t > 0. 
Therefore, we get up to an evanescent set 



E 

tAT 



B + M" 



0, 



where the processes B, M'^, M are given by 

/■tAT 

Bt 



((A*C,r.) + (C,«(r.)-(g*a)(r,)))ds, 

(■tAr 

^t':-E / {C,'7'{rs)-{9*b^){n))dl3l, 



ftAT 



{C,l{rs^,x) " {g*c){rs-,x)){fi{ds,dx) - F{dx)ds). 



The process i? is a finite variation process which is continuous, and hence pre- 
dictable, M'^ is a continuous square-integrable martingale and Af* is a purely dis- 
continuous square-integrable martingale. Therefore B + M'^ + M'^ is a special semi- 
martingale. Since the decomposition i? -f M of a special semimartingale into a finite 
variation process B and a local martingale M is unique (see [THl Cor. L3.16]) and 
the decomposition of a local martingale M = -I- M'^ into a continuous local 
martingale M'^ and a purely discontinuous local martingale M'^ is unique (see [191 
Thm. L4.18]), we deduce that B = M'^ — M'^ = up to an evanescent set. By the 
Ito isometry, we obtain P-almost surely 

^tAr 

(3.15) / {{A*(:,rs) + {(:,a{rs)-{g*a){rs)))ds = {), t>0 

Jo 

(■tAT 

(3.16) 



(3.17) 



\{C,j{r,,,x) - {g*c){r,_,x))\^F{dx) ds = 0, t>0 
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Since the process r is cadlag, by Lemma 3.5 and Lebesgue's dominated convergence 
theorem (apphed to the sum X^jgN ^^'^ ^'^ integral J^) the integrands appearing 
in ( 3.15[ )-(3.17) are continuous in s = 0, and hence, we get 



{A*C,h) + {C,a{h)-{g*a){h))^0, 

Y,\{C,^'ih)-ig*bnih))\' = o, 

\{C,j{h,x)-{g*c){h,x)}fF{dx)=0. 



(3.18) 
(3.19) 

(3.20) 

Identity ( |3.18 1 shows that C i— >■ {A*(^,h) is continuous on 'D{A*), proving h S 
V{A* *). Since A = A**, see [13 Thm. 13.12], we obtain h e V{A), which yields 
( |3.11[ ). Using the identity {A*C,h) = {C,Ah), we obtain 

(C, Ah + a{h) - {g*a){h)) ^ for all C G V{A*), 

and hence (3.12). For an arbitrary j e N we obtain, by using ( |3.19[ ), 

(C, (J'{h) - {9*V){h)) = for all C G V{A*), 



showing ( |3.13[ ). By ( |3.20[ ), for aU C&'D{A*)we have 

(C, j{h, x) - {g*c){h, x)) = for F-almost aU x E E. 
Using Lemma [A.22[ for F-almost all x G E we obtain 

(C,7(/i,a;) - {g*c){h,x)) = for all ( G V{A*). 



This proves (3.14). 

(2) ^ (1): Let ho G Om be arbitrary. Since Oj\f is prelo cally invariant in CV for 
(3.9), there exists a local strong solution Z ~ ^(sC'o)) (3.9) with lifetime r > 
such that {Z'^)_ G Ojv and Z'^ e Cjv up to an evanescent set. By Ito's formula 
(Theorem A.16), conditions (3.11 )-( 3.14) and taking into account the Ito isometry, 
the process r := f{Z) satisfies P-almost surely 



{g*a){r,)ds 



E 

t/\T 



t/\T 



{g*c){rs- , x){fi{ds, dx) — F{dx)ds) 



IE 
rtAT 



ptAT PtAT 

ho+ {Ars + a{rs))ds + '^ a^{r. 



j{rs^,x){^{ds,dx) — F{dx)ds), t > 0. 



Therefore, the process r is a local strong solution to (2.1) with initial condition ho 
and lifetime r, showing that Om is prelocally strong invariant in Cm for (3.1 ) with 
solutions given by (3.9) and /. 



If condition (3.11), (3.12) are satisfied, then the continuity of A on Om follows 



□ 



from Lemma |3.5[ proving the additional statement. 

3.14. Proposition. The following statements are equivalent: 
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(1) Om is prelocally strong invariant in Cm for (3.1) with solutions given by 
itW\j and f. 



(2) Oj\f is prelocally strong invariant in Cj\f for {3.10) and we have (3.11) 



i3.W. 



In either case, A is continuous on Om ■ 

Proof. The proof is analogous to that of Proposition |3.13| 



□ 



For the rest of this section, let G = M™, where m e N denotes the dimension of 
the submanifold M.. We assume there exist elements Ci, . . . , Cm € V^A*) such that 
the mapping f : J\f ^ A4 has the inverse 

(3.21) f-':M^N, f-\h) = {C,h) ■.= {{C^,h),...,{(„,,h)). 

This is illustrated by the following diagram: 

/ 



(3.22) 




McH 



We define the subsets Oy C Cy C V hy Oy ■= ^J~HOAr) and Cy ij-^{C^r). 
We assume that Om is open in M and Cm is compact. Since / : A/" — )■ is a 
homeomorphism, O^f is open in Af and CV is compact. Furthermore, since ip : 
F — > A/" is a homeomorphism, Oy is open in V and Cy is compact. We define the 
mappings for the M"-valued SDE as 

a:= (A*C,/) + ((/,(C,-))*«:M'"^M"\ 
V (/, (C, •)) V^' : M'" ^ M™ for j G N, 
c:- (/,(C,-))*7:K™ xiJ^M™, 

where {A*C, f) ((A*Ci, /), ■ • ■ , (A*Cm, /))• Then, for each e O^^ we have 

(3.23) a(z) = (A*C,/i) + (C,«(/i)>, 

(3.24) V{z) = {<;,a'{h)), jeN 

(3.25) c(z, a;) = (C, 7(/i, x)) , x G 

where z = (C, ft,) G Otv"- Furthermore, we define the mappings 



e := {ilj,-^Ya : 
:= (^, ^f)^frJ' 

'-valued SDE 



for j G N, 



and consider the 
(3.26) 

r dYt = Q{Yt)dt + ^^.gN ^^{Yt)dPl + r(yt_, a;)(M(dt, dx) ~ F{dx)dt) 

1 5^0 = 2/0 

as well as the time-shifted version 

= Q{Yt)dt + Y.-jen^'iyt)dp[^''^-' 

+ jj^T{Yt-,x){^i^^''\dt,dx) - F{dx)dt) 

^ yo- 



(3.27) 
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According to Lemma 3.5 the mappings a, c as well as Q, (I]^)jgN, T satisfy 

the regularity conditions (p^-lltll) and (l2!6l)-(p^. Note that 



(3.28) e{y) ^ {ra){y), y e Oy 

(3.29) ^^(y) = iiJj*V){y), j e N and y e Oy 

(3.30) r{y, x) = {ip*c){y, x), xe E and y e Oy- 

The following result provides necessary and sufficient conditions regarding prelocal 
invariance of Cy in Oy for (3.26). Note that V is also a C'^-submanifold with 
boundary of M'", and that for y G dV the inward pointing normal (tangent) vector 
to dV at y is given by the first unit vector ei = (1, 0, . . . , 0). 

3.15. Proposition. The following statements are equivalent: 



(1) Oy is prelocally strong invariant in Cy for (3.21) 

(2) Oy is prelocally invariant in Cy for (3.26). 

(3) We have 



(3.31) 
(3.32) 

(3.33) 
(3.34) 



S^' (y) e TydV, yeOyn aV, for all j e N 

y + r(2/, x) € Cy for F -almost all x Cz E, for all y G Oy 

\{ei,T{y,x)}\F{dx) y e Oy n dV 

{ei,Q{y))- I (ei,r(2/,x))F(dx) >0, y^Oyr\dV. 

J E 



Proof. For the sake of simplicity, we agree to write O :— Oy and C := Cy during 
this proof. 

(1) =^ (2): This implication is obvious. 



(2) (3): Let y G O be arbitrary. Since O is prelo cally invariant in C for (3.261 



there exists a local strong solution Y = F^^^ to (3.26) with lifetime t > such that 



(y^)_ G O and F"^ G C up to an evanescent set. Thus, Proposition A. 23 yields 
(3.32), and for every finite stopping time g < t we have 

(3.35) P((ei,r,) >0) = 1. 

From now on, we assume that y G dO -.— Or] dV. Let ($^)jgN C K be a sequence 
with for only finitely many j G N, and let 5* : i? — >■ M be a measurable 

function of the form = cIb with c > — 1 and B ^ £ satisfying F{B) < oo. Let Z 
be the Doleans-Dade exponential 



x){fi{ds, dx) — F{dx)ds) 



By [ini Thm. L4.61] the process Z is a solution of 
= 1 + ^ $^ /* ZsdPi + f [ 

"'0 "'0 Je 



t > 0. 



Zs^'^{x){fi{ds,dx) ~ F{dx)ds), t>0 



and, since ^' > — 1, the process Z is a strictly positive local martingale. There exists 
a strictly positive stopping time ri such that Z"^^ is a martingale. Integration by 
parts (see [HI Thm. 1.4.52]) yields 



(3.36) 



{ei,Yt)Zt^ f {ei,Ys-)dZ, + [ Zs-d{e^,Y,) 
Jo Jo 

+ {{ei,Y'),Z')t + ^(ei, An)AZ„ t > 0. 
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Taking into account the dynamics ( |3.26 ), we have 

(3.37) {{ei,Y'),Z-)t = J2^' f Zs{ei,^'{Y,))ds, t>0, 

JEN ^" 

(3.38) V(ei,An)AZ, = / / 



s<t 



Zs-'^ix){ei,T{Ys-,x))^i{ds,dx), t > 0. 
Incorporating (3.26), (3.37) and (3.38) into ( 3.36[ ), we obtain 



(3.39) 



si,e(n_)) + ^$^(ei,s^(n_)) 

3 en 



+ / 'i'{x){ei,T{Ys-,x))F{dx) ]ds, t>0 



where M is a local martingale with AIq = 0. There exists a strictly positive stopping 
time T2 such that Af^^ is a martingale. 

By the continuity of O there exist a strictly positive stopping time and a 
constant 9 > such that 

|(ei,e(Y(,^,3)_))| <e, t>o. 

Suppose that S^ (y) ^ TydV, i.e. (ei, S-' (j/)) 7^ 0, for some j G N. By the continuity 
of E there exist rj > and a strictly positive stopping time < 1 such that 

|(ei,S^"(y(,^,,)_))| >r;, t>0. 

Let {^k)keN C M be the sequence given by 



r-sign((ei,E'=(y)))«±i, k = j, 
I 0, J. 



Furthermore, let ^I* := and g := t A ti A T2 A T3 A T4. Taking expectation in (3.39 ) 
yields E[{ei, Yg)Z g] < 0, implying P((ei,ye) < 0) > 0, which contradicts ( |3.35[ ). 
This proves ( [3^ . 

Now suppose /g \{ei,T{y,x))\F{dx) = 00. By Lemma A. 18 for all B G £" with 
F{B) < 00 the map y Jg ^{y, x)F{dx) is continuous. Using the cr-finiteness of 
F, there exist B E £ with F{B) < 00 and a strictly positive stopping time T4 < 1 
such that 

^ ■{e,,TiY^t^,^)_,x))\F{dx)<-{e + l), t>0. 



Let 3> := 0, ^' := — jls and g := t A ti A T2 A A T4. Taking expectation in (3.39) 
we obtain ¥, [{ei,Y g)Zg] < 0, implying P((ei, Yg) < 0) > 0, which contradicts ( |3.35p . 
This yields ^l3^ . 

Since F is cr-finite, there exists a sequence {Bn)n&i C £" with Bn t -E' and 
F{Bn) < 00, n e N. We shall show for all n G N the relation 



(3.40) 



(ei,e(y))+ / ^n{x){e,,Tiy,x))Fidx)>0, 



where ^'^ := —(1 — ^)1b„- Suppose, on the contrary, that (3.40) is not satisfied for 
some n e N. Then, there exist rj > and a strictly positive stopping time T4 < 1 
such that 



(ei,e(r(t^,,)_)) + / ^„ix){ei,T{Y^t;,r,)-,x))F{dx) < -77, < > 0. 



Let $ := and g := t A ti A T2 A A T4. Taking expectation in (3.39) we obtain 
E[{ei, Yg)Zg ] < imp l ying P ((ei,Yg) < 0) > 0, which contradicts |3.35[ ). This 
yields (3.40). By (3.40), (3.33) and Lebesgue's dominated convergence theorem, we 
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conclude (3.34). 



(3) => (1): The metric projection U = Hr™ : R"* -> 
given by 

(3.41) ^(y^y^...,^/")==((yl) + ,y^...,y™), 

and therefore, it satisfies 

||n(yi) - n(?/2)|| < ||yi - y2\\ for all yi,y2 G 



on the half space is 



Consequently, the mappings 8n 
M" X S ^ M" defined as 



j e N and Tn 



en:=eon, E^:=S^ on and rn(», := r(., x) o H 



also satisfy the regularity conditions (2.2 1"( |2.4[ ) and (2.6)-(2.8), which, due to 
Proposition |A.8[ ensures existence and uniqueness of strong solutions to the SDE 

r dYt = eu{Yt)dt + j:,eN^niYt)d(3l^"''^' 
(3.42) <^ +Jj^rn{Yt-,x){n'-'-^>\dt,dx)-F{dx)dt) 

We define the boundary dO -.— On dV and the interior Int O := O \ dO of the set 
O. The interior Int O is an open subset in M™ and we have the decomposition 

O ^IntOUdO. 

For each y e Int O there exists £y > such that B^^ (y) C Int O. Therefore, we have 
IntO= y i?e„(2/)= U B,j,{y)^ [j B,j,{y). 

j/6lntO j/glntO yglntO 

By Lindelof's Lemma 1, Lemma 1.1.6] there exist sequences (j/j."')fceN C IntO and 
{<^k)keN C (0,cx)) such that 

Into = [j B,,{y'^') = \JbZW)- 

ken keN 

Since O is open in M™, there exists an open subset O C M™ such that OnM™ = O. 
For each y E dO there exists Sy > such that Bs^{y) C O. Therefore, we have 

50c U BsM= U Bsj2{y)= U ^^„/2(2/) C 6. 



y<£dO 



yedO 



yedO 



By Lindelof's Lemma [IJ Lemma 1.1.6] there exist sequences {y^)keN C dO and 
(<5fc)feeN C (0, oo) such that 



90 c \JBsM)= U^^^(yf)cO. 



Setting 



P := y i?,-, (yf ) and M!" := G M™ : yi < 0}, 



ken 



by taking into account that the metric projection 11 on M" is given by (3.41), we 
have 



(3.43) 



n{y)edO, yePn] 



Defining the sequence P^"* C Bf^{yj!^*'), fc e N of disjoint sets as 

fe-i 

Pr :=P,,(2/n\ |Ji?,,.(yf ), fceN, 
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we have the identities 

IntO= IJPr = U^r, 

kefi keN 

and defining the sequence Pj^ C Bg^ {yk)^ fc G N of disjoint sets as 



k-l 



we have the inclusions 

ao c p = U p| ^ U /f c o. 

ken ken 

Now, let To be a bounded stopping time and let yi^ : Q. ^ M™ be a bounded 
J>(, -measurable random variable. Defining the J>g -measurable sets 

{yo G P^'} and l]f {yo G Pf n 90} for fc G N, 

we have the decomposition f2 = (IJ/cgN ^1"') '-^ (UfceN )• According to Proposition 



A. 8 for each /c € N there exist local strong solutions Y^'^^'^, Y^''^ to the SDE 
(3.42) with initial conditions j/olni^"*, yol pa an d lifetimes g*^"', > 0. According 
to Lemma A. 2 and recalling the notation ( |A.19 ), the mappings 



,Int 



inf {i > : y/"''^ i p,, (y^"')}"'^'" ^Q'k\ ken 



Int\in!°' 



inf{i > : y,^^'^ i Bs, (y^,)}''^- A gl keN 



are strictly positive stopping times. By Proposition |A.9[ the mapping 

ken ken 
is a strictly positive stopping time and 

Y■.= Y,Y'^'Hn^..+Y,Y^H^s 



ken 



ken 



is a local strong solution to p.42|) with initial condition j/q and lifetime r. We obtain 

Int O C O. 



on {yo G Int O} up to an evanescent set 



ken ken 
By ( [OT| ) and ( [332| ), for all y e P n M!p we have 

(ei, y + ern(y, a:)) = (1 - y) + C((ei, 2/) + (ei, rn(y, x))) 

(3.44) =(l-e)(ei,y>+e(ei,y + r(y,a;)) >0 for all ^ G [0, 1], 

for P-almost all a; e E'. 



Furthermore, by (|3.31|)-(|3.34|) and (|3.43|), for all y e P n M™ we have 
(3.45) 



(3.46) 

(3.47) 
(3.48) 



(ei,I]fi(y)) = (ei,S^(n(y))) = 0, for all j e N, 
(ei,rn(y,x)) = (ei,n(y)) -f (ei, r(n(y), a;)) 
= (ei, n(y) -f r(n(y), a;)) > 0, for P-almost all a; G P, 



|(ei,rn(y))|P(da;)= / |(ei, r(n(y))) |P(da:) < cx), 
Je 

>i,0n(2/))- / (ei,rn(y,a;))P(dx) 
Je 

= (ei,e(n(y)))- / (ei,r(n(y),a;))P(da:)>0. 
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I, (p{y) := (-2/^)+ is of class C^(M) and we have 0'(y) < 



The function : M 

for ?/ < and </)'(?/) = (j)"{y) = for y > 0. By ( |3.44[ )-( |3.48[ ) and Lemma |A.22 
obtain 

(3.49) 0'((ei,y))('(ei,en(y))- /(ei,rn(y,x))F(dx)) <0, yeP 



(3.50) 
(3.51) 

(3.52) 



we 



</)"((ei,y))|(ei,I]^i(y))|2 = 0, y e P, for all j G N 
0'((ei,y))(ei,l]^i(y)) =0, yeP, for ah j e N 

0'((ei,y + ern(2/,a:^)))de)(ei,rn(2/,x)) <0 for ah y e P, 
for P-almost all x G 



Let fc e N be arbitrary. Applying Ito's formula (Theorem A. 16 1 yields P-almost 
surely on fl^ 



0((ei,i;^V^)) = </.((ei,yo)) 

+ / U'((ei,r/-^-))(ei,en(n^''-)) + ^E'^''((^i'^'''))K^i'^n(n^''))l^ 

+ / (0((el,r/•'=+^^(F/■^2:)))-0((el,y/■^■)) 
Je 

- 0'((ei, yf'=))(ei, ^^(y/^^ a;)))F(dx)) 

+ 0'((ei,r/''=))(ei,E^j(r/''=))d/3^)'^- 

((ei>((ei,yf_:'= +rn(r/-',^))) - 0((ei,n'-'))) 
in'-^''\ds,dx) - F{dx)ds), t > 0. 



1 







Since 17^ C {yo € by (3.47) and Taylor's theorem we obtain P-almost surely 



on Qf^ 



tAT, 







J^0"((ei,yf'=))|(ei,Efj(y/^'=))|^ 



ds 



+ ^ / </.'((ei,rf^-))(ei,Efj(r/''=))d/3^)'^" 

Jo J E \ Jo 

fi^^^^ds^dx), t>0. 



By ( 


3.49 


H 


3.52 


1 and Lemmas 


A.14 


A.15 



we deduce that 0((ei, (y'^''^)^^ )) < 
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set 



ni 



o. 



ken ken 
Consequently, we get up to an evanescent set 

= (r-)_l{,„eIntO} + {Y^-My^edO} G o. 



Using (3.32) and Corollary A. 25 we obtain e C up to an evanescent set. Since 
e|c = enic, S^lc = S^ilc for all j e N and T{,,x)\c = rn(»,a:)|c for all x e E, 



the process Y is also a local strong solution to ( |3.27 1 with lifetime r, proving that 
O is prelocally strong invariant in C for (3.26 1. □ 



3.16. Lemma. Suppose that \3. 31 ) is satisfied. Then for all j £ N we have 
(ei,i?S-'"(y)S^(y)) =0, y e Oy n OV. 



Proof. This is a direct consequence of Lemma C.l 



□ 



3.17. Lemma. Suppose that Om *s prelocally invariant in Cm for (2.1). Then, the 
set Om is prelocally invariant in Cm for (2.1) with solutions given by (3.9) and f . 



Proof. Let Hq G Om be arbitrary. Since Om is prelocally invariant in Cm foi' ( |3.9[ ), 
there exists a local mild solution r = r^''") to (2.1) with lifetime r > such that 



{r'^)- e Om and r^ e Cm up to an evanescent set. Since Ci, ■ • ■ , Cm G 'D{A*) and 
r is also a local weak solution to (2.1), setting Z := {Ctt) we have, by taking into 



account ( 3.23 )-( 3.25), P-almost surely 



Zt^r = (C, n^r) = (C, ha) + / ((A*C, r,) + {(, a(r,)))ds 



E 

jen 



{C,a\r,))d/3i + 



tl\T 



t/\T 



(C, 7('"s- , x)){^j,{ds, dx) - F{dx)ds) 



nZ/\T nZ/\T 

ho)+ / a(Z,)d5 + ^ / b^{Z, 
Jo j^j^Jo 



)dfii 



t/\T 



c{Zs^,x){fi{ds,dx) — F{dx)ds), t>0. 



Therefore, the process Z is a local strong solution to (3.9) with initial condition 



(C, ho) and lifetime r such that (Z'^)- e Oj\f and Z'^ e CV up to an evanescent set. 



By (3.21 ), we have f{Z'^) = r^ , and hence, the process f{Z) is a local mild solution 
to (2.1) with initial condition Hq and lifetime r. □ 



3.18. Proposition. The following statements are equivalent: 



(1) Om is prelocally strong invariant in Cm for (3.1) with solutions given by 



(3.10) and f. 



(2) Om 'is prelocally strong invariant in Cm for 13. 1\ ). 

(3) Om is prelocally invariant in Cm for (2.1). 

(4) Om is prelocally invariant in Cm for (2.1) with solutions given by |^ 
and f . 
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(5) The following conditions are satisfied. 
(3.53) 
(3.54) 



(3.55) 
(3.56) 

(3.57) 
(3.58) 



Om C V{A), 

inM, heOMDiMXdM) 

^ \ThdM, h e OMndM, 

h + 7(ft., x) e C'm for F -almost all x (E E, for all h G Om 



for all j e N 



\{rih,jih,x))\F{dx) < oo, h^OM^dM 
Ah + a{h) -\Y^ Da'{h)a^{h) 

- / Il(^T^,M)^l{h,x)F{dx) e ThM, heOM 
Je 

{i^„Ah + aih)) ~^Y.('^h,Da^{h)a'{h)) 



{r]h,'y{h,x))F{dx)>0, heOMDdM. 



In either case, A and the mapping in (3.51) are continuous on Om- 
Proof. (1) (2): This implication is clear. 



(2) ^ (3): See Lemma 3.10 



(3) (4): See Lemma 3.17 



(4) (5): If Om is prelocally invariant in Cm for (2-1 1 with solutions given by 



(3.9 1 and /, then we have two implications: 



• Proposition 3.13 yields (3.53) and 

(3.59) (^ + «)(/!) = ((C,.)*a)(/i), /igOm 

(3.60) a^{h) = ((C, •YV){h) for all j e N, for aU h £ Om 

(3.61) 7(/i, x) = {{(, •)*c)(/i, a;) for i^-almost all x e E, for all h e Om- 



• By Lemm a |3.9[ the set O^ is prelocally invariant in CV for (3.9 1. Hence, 
by ( 3.28p-( 3.30) and Proposition 3.13 the set Oy is prelocally invariant in 
Cy for (3.26) with solutions given by (3.9 1 and 'i'. 

The latter statement has two further consequences: 



• By Lemma 3.11 the set 0_\f is prelocally invariant in CV for (3.9) with 
solutions given by (3.26) and V'- Thus, Proposition 3.13 yields 

(3.62) a{z) = («'*e)(z), ze0^f 

(3.63) Viz) = {^'*Y.^){z), j eN and ze0^r 

(3.64) c{z, x) = (**r)(z, x) for F-almost all x e E, for all z e Oat. 



• By Lemma 3.9 the set Oy is prelocally invariant in Cv for (3.26). Propo- 
sition 3.15 implies that conditions (3.31 )-( 3.34 1 are satisfied. 
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In view of (3.31 )-(3.34), Lemma 3.16 identities (3.62)-(3.64) and Proposition C.12 
we obtain 



(3.65) 
(3.66) 

(3.67) 
(3.68) 



V (z) e T^dAf, zeO^ndJV, for all j eN 

z + c(z, x) £ Cjs/ for i^-almost all x £ E, for all z £ Ojs/ 

\{^^, c{z, x))\F [dx) < oo, z£OundN 



{^^,a{z))-\Y,{UDb>{z)V{z)) 



3& 



{^^,c{z,x))F{dx) >0, zEOf^ndAf 



where denotes the inward pointing normal (tangent) vector to dAf at z. Tak- 



ing into account (3.59)-(3.61), applying Proposition C.12 we arrive at (3.54)-(3.58l 



(5) ^ (1): Suppose that conditions (3.53)-(3.58) are satisfied. By (3.53) and 

{C,Ah + a{h))^{r{A + a)){z), 



(3.23), for all z £ Oj^ we obtain 

a{z)^{A*C,h) + {C,a{h)) 
where h = f(z) £ Om- Thus, we have 

(3.69) a{z) = {f*{A + a)){z), z £ 

(3.70) b>iz) = {f*(T^){z), j£Nandz£Of^ 

(3.71) c{z,x) = {f*j){z,x), X £ E and z £ O/^, 
which has two implications: 



• By (3^), (|3.55[ ), ( |3.57| ) and Pro positio n |C.22| w e obt ai n (|3.59[ )-(|3.61 ). 

• By (3.54)-(|3.58| and Proposition|C.12| we have (|3.65|)"(|3.68|). 



In view of ( 3.28 )-( 3.30), we obtain the following consequences: 



• By (3.66 

• By (3.65 



and Proposition C.22 wc obtain ( 3.62 )-( 3.64). 



(3.68), Proposition C.12 and Lemma 3.16 we have (3.31)-(3.34) 



(3.59)-(3.61 ) and Proposition 3.14 the set Om is prelocally invariant in Cm for 



Therefore, by Proposition 3.15 the set Oy is prelocally strong invariant in Cy for 



(3.27). By (3.62)-(3.64) and Proposition 3.14 the set 0_\f is prelocally strong in- 



variant in C_\f for (3.10) with with solutions given by (3.27) and ip- According to 



Lemma 3.10 the set O/^ is prelocally strong invariant in CV for (3.10). By (3.53) 



(3.1) with solutions given by (3.10) and / 



If Om is prelocally invariant in Cm for (2.1) with solutions given by ( |3.9[ ) and 
/, then Proposition |3.14| implies that A is continuous on Om - Using Lemma [A.17| 



and Corollary C.17 we obtain that the mapping in (3.57) is continuous on O^vij 
proving the additional statement. □ 



4. Proof of the main results 



In this section, we shall prove our main results by using Proposition |3.18| Let 
B £ £ he a set with F{B'^) < oo and define the mappings : H ^ H and 
-i^ -.H xE ^ H as 



a^{h) := a{h) 



j{h,x)F{dx), 



j^iKx) ■.= -f{h,x)lB{x). 
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By Lemma A. 18 the mappings , (cr^)jgN, 7^ are well-defined and satisfy the 
regularity conditions (2.2)-(2.4) and ( |2.6[ )-(2.8) from Section [2] We shall consider 
the SPDE 



drf - iArf+a^irf))dt + j:^^,,a^{rf)dPi 



(4.1) 



+ lE^^i^f->^)if^idt,dx) - F{dx)dt) 

as well as the time-shifted version 

r drf = {Arf + a^{rf))dt + Y.jen<^nr^)dA''°^^' 
(4.2) I +Jj^-f^{rf_,x){n'-'-o\dt,dx)-F(dx)dt) 

[ = ho. 

According to Lemma [A.20[ the mapping 

= M{t > : fi{[0,t\ x B") = 1} 

is a strictly positive stopping time. 

4.1. Proposition. Let Om d M be a subset which is open in A4, and suppose that 
Om C V{A), 

h + 7(/i, x) G for F -almost all x £ E, for all h G Oj^ . 

Then, the following statements are true: 

(1) We have 13.56^ 1- 13.5^ if and only if 

(4.3) 
(4.4) 



\{r]h,-f^ [h, x))\F{dx) < oo, heOMridM 
Ah + a^{h)^-J2 D'^^ ih)a^ W 



(4.5) 



Ii(T,MVl''{h,x)F{dx) eThM, heOM 
{Tin, Ah + a'^ih)) - \ Y^iij^, Da^{h)a^{h)) 



{rih,-f^{h,x))F{dx)>0, heOMridM. 



(2) The mapping in (Sl^ is continuous on Om if o,nd only if the mapping in 
{4-4^ is continuous on Om- 



Proof. This follows from Lemma C.16 and Proposition [C 



□ 



4.2. Lemma. Suppose that condition {1.4) is satisfied. Then, for all ht^ £ M there 
exist 

• a constant e > such that B^{hQ) H M is a submanifold with one chart as 
in Section^ i.e. as the submanifold M in Diagram (3.22), 

• subsets Om C Cm C Bf^(ho) r\A4 with ho G Om as in Section^ i.e. Om 
is open in B^{ho) n M. and Cm is compact, 

• and a set B ^ £ with F{B'^) < oo 

such that we have 

(4.6) h + 7^(ft,,x) G Cm for F -almost all x € E, for all h G Om- 



Proof. This follows from Lemmas B.ll and C.3 



□ 
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4.1. Proof of Theorems 2.2 and 2.5 



ance of M for (2.1) implies conditions (1.2)-(1.4), (1.6|-(1 



First, we shall prove that prelocal invari- 
the continuity of A 



and the mapping in (1.71 on A4 , and and that for each Hq & A4 t here i s a local 
r^^^ to (2.1). Indeed, according to Proposition A. 23 



strong solution 



we have 



(1.4). Let ho Ai he arbitrary. By Lemma |4.2| there exist 

• a constant e > such that B^{ho) n is a submanifold with one chart as 
in Section [sj i.e. as the submanifold Ai in Diagram (3.22), 

• subsets Om C Cm C B^{ho) n M with ho € Om as in Section [sj i.e. Om 
is open in B^{ho) D M. and Cm is compact, 

• and a set B S 5 with F{B'^) < oo 

such that (4.6) is valid. We will show that Om is prelocally invariant in Cm for 



(4.1). Indeed, let go e Om be arbitrary. Since Om is open in B^{ho) n M., ther e 
exists i5 > such that Bs{go) C\M. C Om- S ince M is prelocally invariant for (2.1 ) 



there exist a local mild solution r — r^^"^ to (2.1 1 with lifetime Q < t < such that 
{r'^)- G up to an evanescent se t. A ccording to Proposition A. 21 there exists a 
local mild solution = r^^'^sa) (4j ) -^jth lifetime r such that (r'^)_ = {{r^Y)^. 



Taking into account Lemma | A. 2 [ the mapping 

g:=ini{t>Q:rtiBs{go)} 
is a strictly positive stopping time. We obtain up to an evanescent set 
((r^)^)_ - (r^)_ e M9^)^M C O, 



Furthermore, using (4.6) and Corollary A. 25 we obtain (r^)^ 
evanescent set. Hence, the set Om is prelocally invariant in Cm 
tion 



e Cm up to an 



3.18 applies and yields (3.53), (3.54), (4.3)-(4.5) and that A and the mapping 
in (|4.4 | are continuous on Om- Since (3.53) and (1.4 1 are satisfied, by Proposition 
4.1 we also have (3.56 )-( 3.58 ) and the mapping in (3.57) is continuous on Om- 



for (4.1 ). Proposi- 



Since ho d Ai was arbitrary, we deduce (1.2 1, (1.3), (1.6|-(1.8| and that A and the 



mapping in ( 1.7) are continuous on Ai. By Lemma A. 11 for each ho & Ai there is 
a local strong solution r — r^''^-' to (2.1 1. 



Next, we shall prove that conditions (1.2)-(1.4) and (1.6)-(1.8| imply prelocal 



strong invariancc of Ai for (3.11 and the remaining statement of Theorem 2.2 By 



Lemma [4~2| for each h £ At there exist 

• a constant eh > such that B^^ (h) n is a submanifold with one chart 



as in Section [3j i.e. as the submanifold Ai in Diagram (3.22), 

• subsets Oh C Ch C B^^{h)r\M with h G Oh as in Section[3j i.e. Oh is open 
in B^^{h) n Ai and Ch is compact, 

• and a set Bh e £ with F{B'j^) < oo 
such that we have 

h + 7'^'* {h, x) e Ch for i^-almost all x e E, for all h e Oh- 

Since we have the coverings 

Ai^ [jOh = [jCh^ [j iB,,ih)nM), 

heM heM heM 

by Lindelof's Lemma Lemma 1.1.6] there exist 

• a sequence {Aik)keN of submanifolds with one chart as in Section [sj i.e. as 
the submanifold AI in Diagram (3.22 1, and Alk C AI for all A; G N, 

• subsets OMk C CMk C Aik, fc G N as in Section[3j i.e. Om^ is open in Aik 
and CMk is compact, 

• and sets {Bk)keN C £ with F{B'^) < oo 
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such that for ah fc G N we have 

(4.7) h + j^'' (h, x) e Cmi, foi' -F-almost all x £ E, for all h e 

and the submanifold M has the countable coverings 



feeN 



feeN 



feeN 



Let k € N b e arbitrary. By ([1^, ( |1.3| an d ( |1.6|-(|1 8| we have ( |3.53[ ), ( |3.54[ ) and 
(3.56)-(3.58) with = A^fc- Since (3.531 and (1.4) are satisfied, by Proposition 
4.11 we also have (|4.3|-(|4.5| with M = Mk and B ^ Bk- Consequently, by (|3.53|, 



(3.54), (4.7), (4.3|-(4.5| and Proposition 3.18 the set prelocally strong 

invariant in Om^ fo'" (4-2) with B ~ Bk- 

Now, let To be a bounded stopping time and let : ^ ^ H he a, bounded 
-measurable random variable with P(/io G A^) = 1. Defining the sequence C 

OMki € N of disjoint subsets as 



fc-i 



fc e N 



the submanifold M has the disjoint covering Mi = UfeeN-^fc' defining the Trg- 
measurable sets 

■■= {ho e Pk}, fc e N 
we have the decomposition 51 = ljj,gpjr2fc. Let /c G N be arbitrary. Since Cj^k is 



prelocally stron g inv ariant in Oj^k for (4.2) with B ~ Bk, there exists a local strong 
solution r^'' to (4.2) with B = Bk, initial condition hol^ and lifetime < Tk < 



such that on flk up to an evanescent set 

{{r^-y")^ e OMk and (r"'=)^'= e C 
According to Proposition 



Mk- 



A.21 



there exists a local mild solution r'' to (3.1) with 
initial condition hola^ and lifetime Tk such that (r'")'^'' 1 jq = (7-^'=)'^'=l|g By 
Proposition A. 9 the mapping r := X^^gn ^^-'^s^^ic a strictly positive stopping time 
and r := X^fcew '''^-'^i^fc is a local mild solution to (3.1 1 with initial condition /iq. We 
obtain up to an evanescent set 



k& 



km 



k& 



as well as 



[0,- 



feeN 



feep 



feeN 



A.24 



by (1.4) we obtain r"^ G up to an evanescent set, prov- 



Using Proposition 

ing that Mi is prelocally invariant for (|3.1[) . If even condition (|2.9[) is satisfied, then 



by Proposition |A.24] we obtain r'^ e up to an evanescent set, and hence, M is 



locally strong invariant for (3.1 ). This concludes the proof of Theorem 2.2 



We sh all now prove Theorem |2.5[ Let /iq G A^ be arbitrary. Ac cord ing to Theo- 
there exists a unique mild and weak solution r — A'^o^ to ( 2.1 ). By Lemma 



A.6 



|A.2| the mapping 

(4.8) T := inf{i > : rt M} 
is a stopping time. We claim that 

(4.9) P(t = cx)) = 1. 
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Suppose, on the contrary, that (4.9) is not satisfied. Then, there exists N eN such 
that P(t < A^) > 0. We define the bounded stopping time tq := r A N. By the 
closedness of A4 in H, we have {r'^°)^ € up to an evanescent set. Therefore, 
by relation ( |1.4[ ) and Corollary A.25| we obtain r'^" € up to an evanescent set. 
The process rrg+t is a weak solution to the time-shifted SPDE (3.11 with initial 
condition Vrg- Indeed, for each C G we have P-almost surely 



= (C,'^r„) + 



TO + t 



{{A*C,rs) + {(:,a{r^)))ds + Y^ / 
{(,j{rs_,x)){^{ds,dx) - F{dx)ds) 



TO+t 



{C,a^{r,))dPl 



ro+s)))ds + ^ f\c,airr,+s))dpi^°^'^ 



+ / / (C,7('^(ro+s)-,2;)>0i(^«)(ds,dx)-F(dx)ds), t>0. 



Je 



There exists K €N such that P(r) > 0, where 

r:^{T<N}n{\\r,„\\<K}. 



According to Theorem A. 6 there exists a unique mild solution r to (3.11 with 



initial condition being the bounded J>p -measurable random variable ; 



>o-^{i|r,oi|<if}- 



By the second part of the proof of Theorem 2.2 the submanifold is prelocally 
strong invariant for (3.1), and hence, there exists an (J>(,+t)-stopping time g > 
such that (r^)^ g up to an evanescent set. Noting that {r < N} — {t — tq}, 
by Proposition |A.10] we obtain up to an evanescent set 

(r,+.)^lr = (r,„+.)^lr = (r^)^lr € M, 



which contradicts the Definition (4.8 1 of r. Therefore, relation (4.9) is valid and 
we obtain r € A^ up to an evanescent set. According to Theorem 2.2 the operator 



A is continuous on Ai. Hence, Lemma lA.ll 



(2.1). This finishes the proof of Theorem^ 



implies that r is a strong solution to 



4.2. Proof of Theorem 



2.6 



Relation (2.12) implies (1.6 1. Furthermore, presum- 
ing (|1.2[), we have (|1.5[) if and only if (1.7), (|1.8| are satisfied. Indeed, noting that 



Ah + a{h)^-y2D(J^{h)cr^{h)- [ -f{h,x)F{dx) 

(4.10) =Ah + a{h)-]-Y,Do={h)a^{h)- I Ii^T,M)^l{Kx)F{dx) 

jefi •'E 

-Ut^m / i{h,x)F{dx), heM 

JE 

we have (1.7) if and only if 

Ah + a{h)--y^DG^{h)<7i{h)- I j{h,x)F{dx) eThM, heM 
2 JEN 



and, by identity ( |B.7p from Lemma B.7 we have \\.%\ if and only if 

Ah + a{h)~\'yDa^{h)(j^{h)-( j{h,x)F{dx) e {ThM)+, he 
2 Je 



dM 



showing that condition (1.51 is equivalent to (1.7 1, (1.8). 
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Since, by Theorem 2.2 the mapping in (1.7) is continuous on M., identity (4.10) 



together with relations ( 2.6 ) , (2.12) and Lebesgue's dominated convergence theorem 



shows that the mapping in (1.5) is continuous Ai . This finishes the proof of Theorem 



4.3. Proof of Proposition |2.8[ We start with the proof of the first statement. 
By Lemma B.ll there exists a parametrization cf) : V C M™ —^UDAi around h 
such that $ := has an extension $ g Cl{H] K™). By Lemma : 
e > such that B^(h) n is compact and we have 



B.IO 



there exists 



B^{h) nMc B,{h) nMdUnM. 

Since ^{h, •) is continuous in x, by ( |1.4[ ) there exists S > such that 
h + -f{h,^) e B,{h) n M for F-ahxiost ah ^ e Bs (x) . 
Hence, there is an F-nuUset N C Bs{x) such that 



h + j{h,^) eB^{h)nM ioT id\^ e Bsix)\N. 

By hypothesis, we may assume, without loss of generality, that ||u|| = 1, the function 
j{h, •) is continuous on Bs{x), and there is a sequence (<„)„gN C (0, 5) with t„ — > 
such that 

(4.11) {x + tnW : n e N} C supp(i^). 
We claim that 

(4.12) h + 7(/i, x + t^v) e B^{h) n M for aU n e N. 
Indeed, suppose, on the contrary, there exists n G N such that 

/i + 7(/i,0 i B,{h)nM, 

where ^ :— x + t„i>. Since ^ e Bs{x) and 7(/i, •) is continuous on Bs{x), by the 
closedness of B^{h) n in _ff we obtain 



h + ^{h,B,-,{0)(lH\{B,{h)C^M) 
for some 77 > with i?,,(C) C ^^(a;). This shows i3,)(g„) C iV, and hence f (i?j(^)) 



0, which implies 1^ ^ supp(F). This contradicts (4.11), e stabl ishing (4.12). We set 
y := (j)~^{h) e V. Since '-f{h,x) = 0, taking into account (4.12), we obtain 



lim 

n— ^00 



/i + j{h, X + tnv) — {h + j{h, x)) 

($(/l + j{h, X + tnV))) - ^{<P{{h + j{h, X))) 



Dxj{h,x)v = Dj:{h + j{h,x))v 



lim 



tr. 



D{(t> o $ o (/i + 7(/i, •))){x)v = D(t){y)D{<^ o{h + -/{h, •))){x)v G T^X, 



proving (2.13). Under the hypothesis of the second statement, we have y G dV, and 
thus 

^{h + 7(/i, X + tnv)) - <I>(/i + j{h, x)) 



(ei, D($ o (/i + 7(/i, •)))(x)w) = (ei, lim 



lim 

n— >-C30 

lim 



(ei,0 ^(/j. + 7(fe,x + t„t;))) - (ei,ty) 
(ei,0-i(/i + 7(fa,.T + t„^;))) 



showing (|2.14|), and under the hypothesis of the third statement, the second state- 
■ dRll yield 

D,-/{h,x)v G (T^X)+ n -{nM)+ - 



ment and identity (B.4) yield 
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proving (2.15). This completes the proof of Proposition 2.8 



4.4. Remarks on the existence of invariant manifolds. The existence of (lo- 
cally) invariant submanifolds (with boundary) for a given jump-diffusion is an (even 
more) involved question. As in , Frobcnius-type theorems have to be applied to 
construct (locally) invariant submanifolds for given drift, volatility and jump map- 
pings. Assuming 



(4.13) 



\j{h,x)\\F{dx) < oo, heH 



we first construct submanifolds M (closed for simplicity) such that and the 
mapping in (1.5) are tangent. Then Ai is left invariant by the evolution of (1.1) if 



and only if the maps h t-^ h + j{h, x) leave M invariant for F-almost all x € E. 
Notice that in this case the m anifolds A4 constructed by Frobenius-type methods 
from the mapping in (1.5) have to satisfy an additional condition. 



If (4.13) is not fulfilled, then ior h <E H we have to determine the set 



\{v,-i{h,x))\F{dx) < oo 



Let be a submanifold such that ( 1.4 ) is satisfied. Then we have ( 1.9 ), and hence 



(ThM)-^ C TVk, which implies A^;^ C ThM. Therefore we have to construct via the 
methods of [16] submanifolds M such that cr^ and Afj^ are tangent. Then we have 
to check among these submanifolds Ai those, which are left invariant by the maps 
h h + 7(/i, x) for _F-almost all x £ E, and which are tangent to the mapping in 



(1.7). Notice that in this case the actual construction of A4 already involved the 
jump structure via the distribution h M- A/"^. 

5. Invariant manifolds with boundary for Levy driven 
jump-diffusions 

In this section, we investigate the invariance problem for submanifolds with 
boundary for the particular situation, where the Poisson random measure fi in 
the SPDE (2.1) is generated by finitely many independent Levy processes. The 



following additional assumptions prevail throughout this section: 

• The mark space is {E,£) = (M%e(K^)) for some e e N. 

• Concerning the compensator dt (8) F{dx) of the Poisson random measure /i, 
we assume that F is given by 



(5.1) 



F{B) [ ^B{xek)Fk{dx), B e B{R') 

where Fi, . . . ,Fe are Levy measures on (M, S(E)) such that 



(5.2) 



Ffc({0})-0 and 



^'Fk{dx) < oo for k — 1, 



and where the {ek)k=i,...,e denote the unit vectors in I 
• We assume there are a measurable mapping A : x 
nous functions S'' : Ai ^ H, k ~ 1, . . . , e such that 



H and contin- 



(5.3) 



(5.4) 



7 



{h,x) ^ l^{h,x) + ^5^{h)xk, {h,x)eM 



k = l 



Consequently, by (2.6) for each a; G M*^ the mapping A(»,a:;) is continuous. 
For each h € M we have 7(/i, •) € C^iW; H) with 7(/i, 0) = and 

d 



dxk 



x=0 



r(/i), heM, k^l, 



. ,e. 
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• For each n G N there exists a measurable mapping 6'„ : M'^ — > M+ with 
/jje On{x)F{dx) < oo such that 

(5.5) ||A(/i,x)|| < 6'„(x) for aU ft. e with ||/i|| < n and aU a; e i;. 



Note that Definition (5.f I imphes 



(5.6) / g{x)F{dx)^Y. f aMFkidx) 

JR" f,_^ Jr 

for any nonnegative measurable function g : M"^ — > M. We define the index set 
K := {1, . . . , e} and the disjoint subsets 

(5.7) K^-.^ikeK: Ffe(M) < oo}, 

(5.8) Kb ■■= l^k e K : Fk{R) ^ oo and J \x\Fk{dx) < oo^ , 

(5.9) Kc:={keK: f \x\Fk{dx) = c 

I JR 

which constitute a decomposition of K. This corresponds to the three types A,B,C 
of Levy processes from Def. 11.9]. In terms of Levy processes, Ka means "fi- 
nite activity" , Kb means "infinite activity" but "finite variation" , and Kc means 
"infinite variation" . Let us further introduce 

(5.10) K+ := {k e Kb : Fk{R+) = oo and Ffe(M_) < oo}, 

(5.11) K+^ := {k e Kb : Fk{R+) = oo and Ffc(M_) = oo}. 

By symmetry, we may assume, without loss of generality, that we can decompose 
the set Kb into Kb = ^ K^^ . 

5.1. Lemma. The following statements are true: 

(1) For each k G KbUKc there exists a sequence (t„)rigN C (0, oo) with i„ — ^ 
such that 

(5.12) {i„efc : n e N} C supp(F) or {-<„ei, : n G N} C supp(i^). 

(2) For each k G K^ there exists a sequence (t„)„gN C (0, oo) with t„ — ^ such 
that 

(5.13) {t„ek : n G N} C supp(i^). 

(3) For each k G K^~ there exist sequences (i„)„gNj (srOneN C (0, oo) with 
tn : — >■ such that 

(5.14) {tnCk : n G N} C supp(F) and {-s„efc : n G N} C supp(i^). 



Proof. By the Definition (5.1 ) of F we have 

e 

(5.15) supp(F) = IJ {xek : x G supp(Ffe)}. 

We start with the proof of the second statement. Let k G K^ be arbitrary. By the 



Definition (5.10) of Kg we have Fk(M.+ ) — oo. Therefore, for all n G N we have 
(0,i)nsupp(i^fc) Indeed, suppose, on the contrary, that (0, ^) n supp(Ffc) = 
for some n G N. Then, for all x G (0, ^) there exists ex > such that Fk{B^^{x)) = 
0. Using Lindelof's Lemma [U Lemma 1.1.6], for some countable subset / C (0, ^) 
we obtain 

fJ{0,1))<fJ U B,^ix))^FJ\jB,^ix)']<J2Fk{B,M)=0, 



xei ' xei 



30 



DAMIR FILIPOVIC, STEFAN TAPPE, AND JOSEF TEICHMANN 



which contradicts Fk{{0, ^)) — oo. Hence, there exists a sequence (t„)neN C (0,oo) 
with tn — > such that {t„ : n G N} C supp(Ffe). In view of ( 5.15[ ), we obtain (5.13), 
proving the second statement. Analogous argumentations provide the first and the 
third statement. □ 



5.2. Theorem. The statements of Theorems 2.2 and 2.5 remain true with (1.6) 



1.8) being replaced by 



(5.16) S'^ih) e ThdM, h e dM and k e Kc 

(5.17) Ah + a{h)-'^^Da^{h)a^{h) 



J en 



7rA keituK. ^ [inM)+, hedM 



and the mapping in (1.1) being replaced by the mapping in (5.11). Furthermore, in 
either case we have 



ThM, heM\dM andkeKeUKc 
(5.18) S''{h) e { {ThM)+, hedM andke K+ 

ThdM, h e dM and k e K%~ . 



Proof. Suppose that condition (1.4) is satisfied. Taking into account Lemma 5.1 



and relation (5.4), applying Proposition 2.8 with v = efe yields (5.181 and 



(5.19) 



5^{h) e ThM, h e M and k e Kc 



Furthermore, presuming (1.2), (1.4), conditions (1.6)-(1.8) are equivalent to (5.16) 



(5.17). Indeed, by the decomposition (5.3| and identity (5.6), for all h G dM we 



have 



\{7^h,lih.x))\F{dx)< / \{r^h,A{h,x))\F{dx) + J2\{Vh,S\h))\ / \x\Fkidx 



fc=i 



as well as 



El^'?^''^'^^))! / \^\Fkidx)< f |(%,7(/i,x))|F(dx)+ / |(%,A(/i, 



x))\F{dx). 



By (5.5| and the Definitions (5.7)"(5.9) of the sets Ka, Kb, Kc, we have (1.6) if 



and only if 



(5.20) 



{r]h, S'^ih)) ^0, he dM and k £ Kc 



which, by identity (B.6) from Lemma B.7 is equivalent to (5.16). This establishes 
the equivalence (1.6| <^ (5.16). By the decomposition (5.3) and relations (5.19), 
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(5.6), we have 
(5.21) 



Ah + a{h) - Da\h)a\h) - f fA{h,x)+ ^ S''{h)xk]F{dx) 
Ah + a{h)-ly^Da^{h)aHh)- [ nf^r,j^yj{h,x)F{dx) 



- [ (llT,Ml{h,x)- J2 S'{h)xk]F{dx) 
= Ah + a{h)-\y^Da'{h)a^{h)^ f n^T,M^^7iKx)F{da 

-Ut,m( f A{h,x)F{dx)+ S''{h) f xFk{dx)\ 

Thus, we have ( |1.7[ ) if and only if 

A/i + - - ^ Da^ (K)a^ (h) 

-f (A{h,x)+ S''ih)xkjF{dx) eThM, heM. 

By the decomposition ( |5.3[ ) and identity ( 5.20[ ) we have 

7,„A/i + a(/i)-^^I?a^(/i)a^(/i) 

J en 

I (A{h,x)+ Y 5''{h)xk\F{dx)Y heOM. 



Therefore, by identity ( |B.7[ ) from Lemma B.7 we have (1.8) if and only if 

- /" (A(/i,a;)+ ^ ,5'=(/i)a;fcV(da;) e (T,,7W)+, h e dM. 

Consequently, conditions (1.6)-(1.8) are equivalent to (5.161, (5.17). 

By our assumptions stated at the beginning of the section, for each x € E the 
mapping A(», x) is continuous on Ai and for each k G Ka U Kb the mapping 5^ is 
continuous on M. Since, by Theorem 2.2 the mapping in ( 1.7) is continuous on Ai, 
identity ( |5.21 1 together with relation ( 5.5| ) and Lebesgue's dominated convergence 
theorem shows that the mapping in (5.17) is continuous Ai. □ 

6. Examples of invariant manifolds with boundary 

In order to demonstrate our results from the previous sections, we provide four 
examples in this section. In the first two examples, we treat the unit circle and 
the closed unit ball, both in the Euclidean plane E^. In our third example, we 
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consider Ornstein-Uhlenbeck processes on closed, convex cones in separable Hilbert 
spaces, and in the fourth example, we deal with the existence of finite dimensional 
realizations for HJM interest rate models with jumps. 

6.1. Stochastic invariance of the unit circle. Let the state space H = be 
the Euclidean plane and let 

M^{h£R^ : \\h\\ = 1} 

be the unit circle. Then Al is a one-dimensional submanifold without boundary, 
i.e. dAi = 0, which is a closed subset of M^. We choose H = M, i.e. the Wiener 
process W is one-dimensional, and the mark space {E,£) — {M.,B{M.)). Concerning 
the compensator dt (g) F{dx) of the Poisson random measure n, we assume that F 
is a Levy measure satisfying 

x^F{dx) < oo and F(M \ [-tt, tt]) = 0. 

-IT 

Consider the two-dimensional SDE 

j drt — a{rt)dt + a{rt)dWt + J^j{rt-,x){ii{dt,dx) — F{dx)dt) 
1 ''o = ho, 



(6.1) 



where the mappings a ; - 

1 

-1 

1 

-1 



a{h) 
a{h) 
l{h,x) 



h2 



cos X sm X 
— sin X cos X 



R-^ and 7 : x M ^ are given by 
(cos a; — l)F{dx) ) h, 



cos a; — 1 sin x 
— sin X cos X — 1 



In order to apply Theorem 2.5 it suffices to show that 

(6.2) a{h) e ThM, heM 

(6.3) /i + 7(/i, x) e (/i, x) e X [-vr, tt] 



(6.4) 



a{h) - ^Da{h)a{h) - J U(^T^M)^lih,x)F{dx) € ThM, heM. 



The unit circle M has the tangent spaces 



ThM = span 



and {ThM)-^ = span{/i} for h e M. 



Therefore, condition ( |6.2[ ) satisfied. Furthermore, for all {h, x) £ M x [— tt, tt] we 
have, by noting that \\h\\ ~ 1, 

2 



\h + j{h, x)| 



cos X sm X 
- sin X cos X 

cos^ X + 2hih2 cos x sin x + sin^ x 

+ hi sin^ X — 2hih2 cos x sin x + cos^ x = 1, 



showing (6.3 1. Since 
(6.5) 



Da{h)a{h) 



1 

-1 



a{h) 



he 



and for {h,x) E M x R we have, by noting that = 1, 



(6.6) 



^{nM)^l{h,x) = nspa„{/i}7(/i,x) = {-i{h,x),h)h 
= {h\ cos X + hih2 sin x — /ii /12 sin x A- h\ cos x)h - 



(cosx — l)h, 



INVARIANT MANIFOLDS WITH BOUNDARY FOR JUMP-DIFFUSIONS 



33 



for all h e M wc obtain 



a{h) - \D<j{h)a{h) ~ I^U^r,^)^l{h,x)F{dx) = 



eThM 



showing that (6.4) is fulfilled. Now, Theorem |2.6| applies a nd y ields that for each 
ho £ M there exists a unique strong solution r = to (6.11 and r e up to 
an evanescent set. 



6.1. Remark. Note that due to {6.6) we have 



\\^{ThM)^li^i^)\\Fidx) < (X), heM 



showing that relation (1.9) is indeed true. 

An alternative way to prove the previous invariance result is established by 
applying Theorem 5.2 We shall consider the case /^^ \x\F{dx) = oo, i.e. Ka = 
Kb — and Kc = {1|. Note that we have the decomposition 

-/{h,x) = A{h,x) + S{h)x, {h,x)eMxR 
where the mappings S : M ^ M."^ and A ; x M M-^ are given by 



(6.7) 
(6.8) 



Sih) 
A{h,x) 



1 
-1 



h2 



cos X ~ 1 sin X ^ X 
— (sinx — x) cosx— 1 

In order to apply Theorem |5.2[ it suffices to show that 



(6.9) a{h) - ^Dcr{h)a{h) 



I A{h,x)F{dx) eThM, heM. 

J — TT 



Taking into account (6.5), we obtain 



1 



a{h) - -Da{h)(j{h) 



1 

-1 



A{h,x)F{dx) 





sin X — X 



-(sinx — a;) \ 
j 



hF{dx) 



= 1- 



(sin a; — x)F{dx) 



h2 
^hi 



e ThM, heM 



showing (6.9). Now, Theorem 5.2 applies an d yi elds that for each h^ e M there 
exists a unique strong solution r — r^-^"^ to (6.1) and r G up to an evanescent 
set. 



6.2. Remark. Note that by the Definition (6.1) of 5 we have 

5{h) e ThM, heM 

showing that relation (5.1^ is indeed true. 



6.2. Stochastic invariance of the closed unit ball. As in Section 6.1 let the 
state space iJ = be the Euclidean plane. Let the submanifold be the closed unit 
ball 



M = {he 



\H < 1}. 



Then is a two-dimensional submanifold with boundary of M^, which is a closed 
subset of , and its boundary is the unit circle 

dM = {heR^ : \\h\\ = 1}. 
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As before, we choose H = M, i.e. the Wiener process W is one-dimensional, and 
the mark space {E, £) — (K, Concerning the compensator dt ® F{dx) of the 

Poisson random measure /i, we assume that is a Levy measure satisfying 

i^({0})=0, / x^F{dx) <oo and \ [0, 1]) = 0. 



We define the mappings a : M 
two-dimensional SDE (6.1) as 

a{h) := 



and 7 : X M ^ ^j^g 



a + ^ + 2 / x^F{dx) ]h, 



a{h) := 
7(/i,x) := -2xf^^^h 



1 

-1 



h = 



h2 

-hi 



where a > is a constant and / : 
condition 



is a function satisfying the boundary 



(6.10) f{h) = 2, h€dM. 

In order to apply Theorem |2.5[ it suffices to show that 

(6.11) {r]h,a{h)) ^0, h £ dM 

(6.12) /i-H7(/i,x) e 7W, (ft, x) e X X [0, 1] 

(6.13) [ \{r]h,-/{h,x))\F{dx) <oo, h e dM 

(6.14) {r^h,aih))-l{jjh,Daih)a{h))- f {r^h,liKx))Fidx)>0, heOM. 
The inward pointing normal (tangent) vectors to dAi at boundary points are given 

by 

rjii = -ft, ft e dM. 



Therefore, condition (6.11 1 is satisfied. Moreover, for all (ft, x) ^ A4x [0, 1] we have, 
by noting that ||ft|| < 1, 

||ft + 7(ft,a;)|| ||ft-2a;^('^)ft|| = || (1 - 2a;-^(''))ft|| = |1 - 2x^('')| ||ft|| <leM, 

providing ( |6.12 1. By the boundary condition ( 6.10| ), for all ft e dAi we have, by 
noting that ||ft|| — 1, 

{rih, 7(ft, x)) = (ft, 22;-^'('')ft) ^ 2x^ , xeR 

which gives us 

\{7jh,l{h,x)}\F{dx) = / {7jh,l{h,x)}F{dx) = 2 [ x^F{dx) < c5o. 



(6.15) 

showing ( 6.13| ). Moreover, by ( |6.5[ ) and (6.15), for each boundary point ft G dAi we 
have, by noting that ||ft|j = 1, 

{Vh,a{h)) - l-{r]h,Da{h)a{h)) - [ {■qh,"f{h,x))F{dx) 

^ .IB 



a+-+2 



x^F{dx) - 2 ~ ^ 



x^F{dx) = a > 0, 



which yields (6.14). Now, Theorem applies and yields that for each ftg G there 
exists a unique strong solution r — r'^'^°'> to (6.1) and r e up to an evanescent 
set. 
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6.3. Ornstein-Uhlenbeck processes on closed, convex cones. In our third 
example, let H he a separable Hilbert space and let A be the generator of a pseudo- 
contractive semigroup (5't)t>o on H. We consider an SPDE of Ornstein-Uhlenbeck 
type 

^g^g^ I drt = {Art+a)dt + j:^^^a^d/3i'^ +J^-f{x)i^iidt,dx)~Fidx)dt) 
[ ro = ho 

with a e i/, a sequence (cr-')jeN C H satisfying X^jeN II'''"' IP °° ^^^'^ ^ measurable 
mapping ^ : E ^ H such that \\^{x)\\'^F{dx) < oo. Note that for each ho E H 
there exists a unique mild solution r = r^''"' to (6.16), which is given by 



(6.17) 



Stho + / St-sads + St-so'dpi^ 
Jo ^.^pjio 



St-s7{x){^{ds, dx) — F{dx)ds), t>0. 



Je 



Let C C be a closed, convex cone, i.e. C is a nonempty, closed subset of H such 
that h + g e C for all h,g eC and \h e C for all A > and h eC. 

6.3. Proposition. Suppose we have 



(6.18) 
(6.19) 

(6.20) 

(6.21) 
(6.22) 



cr^ = for all j G N, 

j{x) e C for F -almost all x £ E, 

^{x)\\F{dx) < oo, 
-f{x)F{dx) e C, 



StC c C, t>0. 



Then, for each ho £ C the mild solution r — r*^''"-' to [6.16] satisfies r £ C up to 
an evanescent set. 



Proof. Let /iq G C be arbitrary. The mild solution r = r-C'-o) to (6.16) is given by 



(6.17), and hence, by (6.18) and (6.20) we can write it as 



rt = Stho+ / St-s\a- / 'y{x)F{dx) ] ds + 



E 



JE 



St-sl{x)^.{ds,dx), t>0. 



Since (6.19 ), (6.21 1 and (6.22 1 are satisfied, using Lemmas A. 14 and A.15| we deduce 
that r g C up to an evanescent set. □ 



Now, we deal with the necessity of conditions (6.18)-(6.22). For the sake of 
simplicity, we shall assume that C is a polyhedral cone generated by linearly inde- 
pendent vectors, that is 

C := conejwi, . . .,Vm} ■= S ^ >^iVi : > for i = 1, . . . , to I. 

where to € N denotes a positive integer and wi , . . . , Vm G H are linearly independent 
vectors. We also define the interior of the cone 



(conejwi, . . 



f m 

> Vm})° •= 51 "^'"^ : Ai > for i = 1, . . . , 1 



and the finite dimensional subspace 

V :— spanjwi. 
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6.4. Theorem. The following statements are equivalent: 

(1) For each /iq G C there exists a unique strong solution r = r^'^"^ to (6.16) 
and r ^ C up to an evanescent set. 

(2) We have ^J^-^J^ and 

(6.23) V C V{A), 

(6.24) AV c V, 

(6.25) e'-^C c C, i > 

where (e*"^)t>o denotes the norm- continuous semigroup on V generated by 
the linear operator A\v '■ V ^ V. 



Proof. (2) ^ (1): Conditions ( |6.18[ )-( |6.2l[ ) imply that a e V, e V for all j eN 
and 7 (a;) G V for F-almost all x e E . Thus, in view of ( [6^ , the SPDE 

(6.16) is an ^-valued SDE. By (6.25) and Prop osition 6.3 for each ho G C there 
exists a unique strong solution r = r*- to ( 6.16[ ) and r € C up to an evanescent set. 

(1) (2): We define dAii := (cone{tij : j ^ for i — 1, . . . ,m. Then we have 
Mi n Mj = for i ^ j and the subset 

M:=C°(j(\JdM 

is an m-dimensional C'^-submanifold with boundary dA4 = Ui=i 9A4i. The closure 
of as a subset of H is given by = C, and we obtain the tangent spaces 



(6.26) ThM ^V, heM 

(6.27) (ThM)^ — cone{ui} + spanjwj ■ j ^ i}, i — 1, 



, m and h E dAii 



(6.28) 



ThdM — spanjwj : j ^ i}, 



1, 



, m and h G 9A^ ; 



There exist unique wi, . . . , Wm G ^ such that 

(6.29) rjfi = Wi, i = 1, . . . ,m and h G dMi 

where r]fi denotes the inward pointing normal (tangent) vector to dAi at h. The vec- 
tors wi, . . . , Wm G V are linearly independent. Indeed, let c G M™ with '^i^i = 

be arbitrary. Then we have Be — 0, where B G M™^™ denotes the matrix given 
by Bij :~ {vi, Wj). By Lemma B.7 we have Ba > for z = 1, . . . , rt and Bij = for 

1 ^ j. Therefore, we obtain det B > 0, which implies c ~ 0. 



By hypothesis, the submanifold A4 is prelocally invariant for (6.16). Theorem 2.2 
applies and yields (1.2|-(1.4) as well as (1.6)-(1.8). For each z = 1, . . . ,m relation 
(1.2) gives us jyjLi Vj G ^{A) and J2j^i G ^(^); which yields 



\^Vj£V{A), 



showing (6.23). Taking into account (6.281, condition (1.3| yields 



Pi span{wj : j ^ i} = {0} for all fc G N, 



1=1 



and therefore ( |6.18 ). Using (1.4 1 we obtain 



1=1 



Vi + 7(x) G AJ = C for all n G N, for i^-almost all a; G £■ 
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which imphes 



7(0;) = Um I — Vi + j(x) I € C for F-ahiiost ah x G E, 



showing (6.19). For an arbitrary w = YlT=i ^i'^i ^ (6.29), (I.6I wc obtain 

\{wMMF{dx) <Y,\c,\ / |(u;„7(x))|F(dx) <oo. 



Therefore, denoting by {ej)j=i,...,m C V an orthonormal basis of V and taking into 
account (6.19), we deduce 

/ Mx)\\F{dx)<Y, |(e„7(a:))|F(dx)<oo, 

J E , -, JE 



proving (6.20). Condition (1.7| yields 
Ah + a- I n 



j{x)F{dx) e ThM, heM. 



Hence, by (6.191, ( |6.26[ ) we get 
(6.30) 



Ah + a- [ j{x)F{dx) eV, heC°. 

JE 



By (1.8 1 and identity (B.7) from Lemma B.7 we have 

Ah + a- I j{x)F{dx)e{ThM)+, hedM. 



Thus, by (6.27) for aU i = 1, . . . , to we obtain 

(6.31) Ah + a— / 'y{x)F{dx) € cone{vi} + spaii{vj : j i}, h £ dMi 

JE 

which gives us 



^{x)F{dx) = Van 



j{x)F{dx) 



e conejui} + spanjwj : j 7^ i}. 

Consequently, we have 

a— '-f{x)F{dx) e (cone{vi} + spanjuj : j 7^ i}) — C, 

J E ■ 1 



proving (6.21 ). By (6.30), (6.31 ), for i = 1, . . . , m we get 



^yl^^Wjj +0^- J l{x)F{dx)- Ay^v^ ^" J '^(^)-^(^^) 



showing (6.24 1. Let t > and h £ C be arbitrary. Since A'^°'> g C up to an 
evanescent set for all ho e C, by ( 6.17 ) and the continuity of the mapping A i~> Xe^^h 
we have P~almost surely 

rf'^ +Xe'^h^e'^\h + rf^ ^r^^"-^ 

which yields e*'^h S C, showing (6.25). 



G C for all A e 



□ 
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We can apply Theorem |6.4| in order to derive a well-known invariance result 
about Levy processes. Let X — (Xf^"))^;,-,^]^ be a family of one-dimensional Levy 
processes with Levy-Ito decomposition 



(6.32) 



xo + -I- aWt + 



x{fx{ds,dx) — F{dx)ds), t>0 



6.4 



the half space 1R+ is invariant for 



where a G M denotes the drift, a > the diffusion part, W a one-dimensional 
Wiener process and F the Levy measure, which we assume to be square-integrable, 
that is J^x'^F(dx) < oo. Then, by Theorem 
( 6.32[ ) if and only if we have 

o- = 0, F(M_) = 0, / xF{dx) <oo and a- xF{dx) > 0. 

Indeed, these conditions are also known to be necessary and sufficient for a Levy 
processes to be a subordinator, i.e., to have non-decreasing sample paths, see [261 
Thm. 21.5]. 

6.4. HJM interest rate models from finance. In this section, we shall deal 
with the existence of finite dimensional realizations for the HJMM (Heath- Jarrow- 
Morton-Musiela) equation 



(6.33) 



drf 



+ !e 7(^t- ' ^) {i^{dt, dx) — F{dx)dt) 
ho 



(i) 



from interest rate theory. The HJMM equation (6.331 describes the evolution of 
interest rates in a bond market 



(6.34) 



F(i,T)=exp(^-^ : 



In order to ensure the absence of arbitrage, we consider the HJMM equation (6.33) 
under a martingale measure Q. Then, the drift is given by 



-fih,x) (e^C'-^) - l) F{dx), 



where we have set 



nh,xm ■■= 



a\h){r])dri, 
j(h,x){r])dr]. 



The state space H — Hp for the forward curve evolution (6.331 is the space of all 
absolutely continuous functions h : M such that 



\h\\ 



\hm' 



\h'(0\'e^id^ 



1/2 



< oo. 



The parameter /3 > is an arbitrary positive constant, and {St)t>o denotes the 
shift semigroup defined by Sth := h{t + ■) for t > 0, which is generated by the 
differential operator d/d^. We refer to [TS] for further details on this topic. 

Proceeding as in Section [4. 4[ we construct a finite dimensional submanifold jM, 
which is (locally) invariant for the HJMM equation ( 6.33 1 if and only if for F-almost 
all X ^ E the mapping h t-^ h + j(h,x) leaves Ai invariant. Under appropriate 
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conditions on the mappings, the results from |16j yield that we have an affine term 
structure, that is, the submanifold M has an afSne parametrization of form 

ni 



with a smooth map -0 : [0, e) — ?■ iJ and hi, ... , h„i G H. We immediately see that 
7(/i, x) £ span{/ii, . . . , h^}, for i^-almost all x E E, for all h E H 



implies the jump condition ( 1.4 ), and hence, it is a sufficient condition for invariance 
of the submanifold M with boundary for the HJMM equation (6.33). 
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Appendix A. SPDEs driven by Wiener processes and Poisson measures 

For convenience of the reader, we provide the crucial resuhs on SPDEs driven by 
Wiener processes and Poisson measures in this appendix. References on this topic 
are, e.g., [3I2I1II1]. 

In the sequel, (fJ, J^, (J^t)f>o, P) denotes a filtered probability space satisfying 
the usual conditions. Let H he a, separable Hilbert space and let {St)t>o be a Co- 
semigroup on H with infinitesimal generator A : 'D{A) C H H. We denote by 
A* : V{A*) C H ^ H the adjoint operator of A. RecaU that the domains V{A) 
and V{A*) are dense in H, see, e.g., Thm. 13.35.C, Thm. 13.12]. 

Let HI be another separable Hilbert space and let Q G L(H) be a nuclear, self- 
adjoint, positive definite linear operator. Then, there exist an orthonormal basis 
(ej)jgN of H and a sequence (Aj)jgN C (0, co) with J2jet-i ^3 °^ such that 

Qu = ^ Xj (u, ej)M Cj, M e EI 

namely, the Xj are the eigenvalues of Q, and each ej is an eigenvector corresponding 
to Xj. The space Hq := Q^/^{M), equipped with the inner product 

is another separable Hilbert space and (\/^ej)jgN is an orthonormal basis. Let 
W he an H-valued Q- Wiener process, see [SI P- 86,87]. We denote by ^^(i?) := 
L2(Ho, H) the space of Hilbert-Schmidt operators from Hq into H, which, endowed 
with the Hilbert-Schmidt norm 

/ \ 1/2 

itself is a separable Hilbert space. According to [51 Prop. 4.1], the sequence of 
stochastic processes defined as 

y Xj 

is a sequence of real-valued independent standard Wiener processes and we have 
the expansion 



Note that L§(i/) = f-{H), because 



(A.l) Ll{H)^f{H), $ ($J')jgN with := yX^^ej, j e N 

is an isometric isomorphism. According to [51 Thm. 4.3], for every predictable pro- 
cess $ : X M+ ^ L^{H) satisfying 



we have the identity 
(A.2) 



|$s|lio(^)(is < oo 1 = 1 for alH > 



[\sdWs=Y, f -^idPl t>0. 



Let {E,£) he a measurable space which we assume to be a Blackwell space (see 
[HIIIH]). We remark that every Polish space with its Borel cr-field is a Blackwell space. 
Furthermore, let /x be a time-homogeneous Poisson random measure on K_|_ x E, 
see [ini Def. H.1.20]. Then its compensator is of the form dt (S) F{dx), where F is a 
CT-finite measure on {E,£). 
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A.l. Lemma. Let tq be a bounded stopping time. We define: 

• The filtration {J- j:^°^)t>Q by 

:— Tro+t, t >0. 

• The W-valued process W^'^°^ by 

• The sequence {P^^"^'-' )jeN of real-valued processes by 

• The new random measure fi^'^"^ on x E by 

fi'-''°\u}; B) uj e fl and B e B{R+)(S£, 

where we use the notation 

Bt„ ■■= {{t + To,x) eR+ X E : {t,x) e B}. 

Then, W^(^«) is a Q -Wiener process adapted to (J^j^"')t>o, the sequence 

is a sequence of real-valued independent standard Wiener processes, adapted to 

(J-"(^''^)t>o, we have the expansion 



and fi^'^"^ is a time-homogeneous Poisson random measure relative to the filtration 
^•jr(To)-j^^^ wif/i compensator dt F{dx). 

Proof. See [HI Lemma 4.6]. □ 

A. 2. Lemma. Let r be an H-valued cddldg adapted process and let B G 13(H) be a 
Borel set. Then r : £7 — > defined as 

T := inf{i > : e B} 

is a stopping time. 

Proof. We claim that the process r is optional, that is, measurable with respect 
to the optional ct- algebra O, which is generated by all real- valued cadlag adapted 
processes. Indeed, according to 8, Prop. 1.3] we have 

B{H) = a{{{h, •) eC} -.he H andC € B(R)). 

But for any h £ H and C E B{M.) we have 

r-\{h,») e C) = {{h,r) eC}eO, 

because {h,r) is a real-valued cadlag adapted process. Therefore, the set A = {r & 
B} is optional, and hence 

t{uj) = mi{t >0: {uj,t) e A} 
is a stopping time due to PJ] Thm. LI. 27]. □ 



We shall now focus on SPDEs of the type ([11]). hei a : H H , a : H ^ Ll{H) 
and J : H X E ^ H he measurable mappings. 
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A. 3. Definition. Let ho : ^ H be an J- q -measurable random variable. Further- 
more, let r = r^''^-* be an H-valued cddldg adapted process and let t > a stopping 
time such that for all t > we have 

^ {\\rs\\ + \Hrs)\\ + |k(r.)||io(^) + h{r,,x)\\'F{dx)ys < cx)^ = 1. 
Then, the process r is called 



• a local strong solution to (1.1 1, if 



(A.3) 
(A.4) 

(A.5) 



rtAT G 'C>{A) for almost all t G M+, ¥-almost surely, 

^i^L ll^^^'ll^* < " ^ forallt>0 
and we have ¥ -almost surely 

rtAT^ho-\- / {Ars + a{rs))ds -\- / a{rs)dWs 
Jo Jo 



tAT 

Je 



j{rs^,x){fi{ds,dx) ~ F{dx)ds), t>0. 
• a local weak solution to ( |1.1[ ), if for all ( e 7) (A*) we have F -almost surely 
(C, n^r) = (C, ho) + / ((^*C, r,) + (C, a{r,)))ds + / (C, a{rs))dWs 



JE 



+ {(:,-f{rs^,x)){fi{ds,dx)-F{dx)ds), t>0. 



• a local mild solution to (1.1) , if we have V-almost surely 

rtAr StArho + / Si^t/\T)-sa{rs)ds + / Si^t/\r)-s<^{rs)dWs 
'o Jo 

>5'(fAT)-s7(^s-, a;)(/i(ds, dx) — F(dx)ds), t>0. 

lo JE 

We call T the lifetime of r. Ifr = oo, then we call r a strong, weak or mild solution 
to (1.1), respectively. 

A.4. Remark. Since the process r is cddldg, we have 

rt = rt_ for almost all t G V-almost surely. 



and hence, relation (A.3) implies 

r(-j/\^')_ G 'D{A) for almost all t G V-almost surely. 

According to [13, Lemma 2.4.2], the process f defined by 

'Art-, ifrt-eV{A) 
0, otherwise 

is predictable. By slight abuse of notation, we have written Ar instead of f in (A.4 ) 
and { A.5). 

A.5. Remark. The following results are well-known: 



(A.6) 



fi 



t ■- 



• Every (local) strong solution to (1.1) is also a (local) weak solution to 

• Every (local) weak solution to (1.1) is also a (local) mild solution to 



1.1). 



1.1). 



If A is bounded, i.e. generates a norm- continuous semigroup {St)t>07 then 
the concepts of (local) strong, weak and mild solutions to (1.1) are equiva- 
lent. 



For our upcoming results, we introduce the abbreviation L'^{F) := L?{E, £, F; H). 



44 



DAMIR FILIPOVIC, STEFAN TAPPE, AND JOSEF TEICHMANN 



A. 6. Theorem. We suppose that: 

• The semigroup {St)t>o is pseudo-contractive. 

• a : H ^ H is Lipschitz continuous. 

• <j : H ^ L2{H) is Lipschitz continuous. 

• For each h € H we have 7(ft., •) G L'^{F) and 7 : _ff — )■ L'^{F) is Lipschitz 
continuous. 

Then, for each ra ndom variable h^ e C^{J-q;H) there exists a mild and weak solu- 
tion r = r^''"^ to (1.1), which is unique up to indistinguishability. 

Proof. This is a direct consequence of [14, Cor. 10.9]. □ 

A. 7. Remark. Recall that the semigroup {St)t>Q is called pseudo-contractive if 
(2.11) is satisfied for some cj G M. The pseudo-contractive property is needed to 
ensure that mild solutions to the SPDE \1.1^ have cddldg sample paths, which we 
demand in Definition \A.3\ If A is the generator of a general Co -semigroup, then, 
under appropriate regularity conditions we also have existence and uniqueness of 
mild solutions, see [21], but the mild solution to (1.1) might not have a cddlag 
version, see the counterexample in [24, Prop. 9.25]. 

A. 8. Proposition. We suppose that: 

• The semigroup {St)t>o "is pseudo-contractive. 

• a : H ^ H is locally Lipschitz continuous. 

• a : H ^ L^[H) is locally Lipschitz continuous. 

• For each h E H we have 7(/i, •) G L'^(F) and 7 : _ff — !■ L'^{F) is locally 
Lipschitz continuous. 

Then, for every bounded J^q -measurable random variable ho : ^ H there exists a 
local mild and weak solution r = r^^°) to 



1.1). 



Proof. Let /iq : 57 — > i? be a bounded J^j-measurable random variable. Then, there 
exists iV G N such that \\ho\\ < N. We define the retraction 



R:H->-C, R{h) 



h, if||/i||<7V, 
N^^, ii\\h\\>N, 

where C := {h & H : \\h\\ < N}, and the mappings : H ^ H , aR : H ^ L%{H) 
and jR : H X E ^ H as 

aR :— a o R, ur :~ a o R and 7fl(», x) := 7(», x) o R. 



These mappings satisfy the Lipschitz conditions from Theorem |A.6[ and hence, 
there exists a unique mild and weak solution r = r''*"-' to the SPDE 

{ drt = {Art + aR{rt))dt + cjR{rt)dWt+j^^R{rt^,x){pL{dt,dx)-F{dx)dt) 

\ ro = ho. 

By Lemma |A.2[ the mapping 

r := M{t > : \\rt\\ > N} 

is a strictly positive stopping time. Since (r^)- G C up to an evanescent set, 
a|c = 0!r\c, o-\c = o-flic and ^{•,x)\c = i{»,x)r\c for ah x e E,we deduce that 
r is a local mild and weak solution to (1.1) with lifetime r. □ 

A. 9. Proposition. For each k £ N let Hq : il — > H be an To-measurable random 
variable and let r^ be a local mild solution to (1.1) with initial condition h^ and 
lifetime > 0. Let (ilfc)^^^ C J^o be a decomposition of ft. Then, t :— J2ket>s''''''^^k 
is a strictly positive stopping time and r :— X^jteN '''^'-"■^^fc local mild solution to 
(1.1) with initial condition ho '.— "^keN ^o^^k '^"'^ lifetime r. 
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Proof. For each k CzN the mappmg Tfeljij. is a stopping time, because, taking into 
account that ftk G J^o we have 

{Tfcln. < t} = (^^fe n {Tfe < i}) UQ%eTt for aU < > 0. 

Consequently, r = VfceN '''fc-'-^^fc ^ strictly positive stopping time by (THl Thm. 
1.1.18]. For each fc g N, the process r'^ be a local mild solution to (1.1 ) with initial 
condition and lifetime r^, and hence, we have P-almost surely 



r 



tAr,^StArX+ S^tAr,)^sa{r^s)ds+ S(^tAr,)-s<^{rs)dWs 

Jo Jo 

tATk r 

S(tATk)~s7{rs-,x){fi{ds,dx) - F{dx)ds), t > 0. 
Since fifc G J'o for each fc e N, this implies P-almost surely 

rtAT ^J2^tArJn^ 

fceN 

/ rtATk rtATk 

= ^'^nJStArX+ S^tAr,}-sa{r':)ds + S(^tAr,)-s<j{rs)dWs 

ken ^ •'^ -^0 

S(tArk)-sl{r'^-,x){fi{ds,dx) - F{dx)ds) 

JE 

/ rtATk rtATk 

J2(StAT,lnX+ hi,S^tAT,)-sa{r':)ds+ ln,5(Mr,)-.'^('^s W 

rtATk f 



^nkS{tATk)-slirs-,x){p{ds,dx) - F{dx)ds) 
J E / 

/ ptAT ptAT 

^ ( S'fArlf2fcft-o + / '^nkS{tAT)-sCt{rs)ds+ lnkS(^tAT)-sf^irs)dWs 
fccM V Jo Jo 



ken 



JE 



^nkS(tAT)-slirs-,x){n{ds,dx) - F{dx)ds) 

/ ptAT ptAT 

= ^lnk\ StATha + S(^tAT)-sairs)ds + S^tAT)^s'^irs)dWs 
ken ^ -^0 -^0 

ptAT p 

+ / S(^tAT)-sl{rs-,x){fi{ds,dx) - F{dx)ds) 

Jo J E 

ptAT ptAT 

= StATho+f S(^tAT)-s(^{'rs)ds+ j S(^tAT)-s(^{'rs)dWs 
Jo 

S{tAT)~sl{rs-,x){^i{ds,dx) - F{dx)ds), t > 



JE 

showing that r is a local mild solution to ( |1.1[ ) with initial condition ha and life- 
time T. □ 

A. 10. Proposition. We suppose that: 

• a : H ^ H is locally Lipschitz continuous. 

• a : H ^ L2{H) is locally Lipschitz continuous. 

• For each h G H we have 7(^1, •) G L'^{F) and 7 : iJ — > L^{F) is locally 
Lipschitz continuous. 

Then, for all Fo-measurable ran dom variables ho, go ■ ^ ^ H and any two lo- 
cal mild solutions r^'^°\ r'^^"-' to (1.1) with initial conditions ho, go and lifetimes 
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-j-C^o)^ -j-(go) > we have up to indistinguishability 

Proof. By Lemma A. 2 the increasing sequence {Tn)neN given by 

T„ := inf{t > : Ijrf > n} A mf{t > : \\r[^"'^\\ > n} A t^^°'> A t^^o) 

is a sequence of stopping times. Since the sample paths of and r^^"^ are cadlag, 
we have P-almost surely 

sup \\r['"'^\\<oo and sup ||rt^^°^|j < cx) for aU iV e N. 
te[o,JV] telo.N] 

Therefore, we have P(r„ r^'"' A r^f")) = 1. Set T := {Hq = go} e Jq and let 
n G N and T > be arbitrary. We define the process X" as 

Xr-=lr{r^,ti-r['^i), te[0,T]. 
For all t e [0, T] we have P~almost surely 

XI' = Ir (^y^ 5(t^.„)_„(a(r(''o)) _ a(r(^«)))d« 

+ / ^(Mr„)-n(a(r^)) - a(r(9«)))dH^„ 

^l^" Ie ^(*Ar„)-«(7(^i-°\ 2;) - 7(ri*;\ dx) - F{dx)du)^ . 

Since F e J-q, for all t e [0, T] we obtain P-almost surely 

/•*At„ 

= / lr5(,^.„)_„(a(ri''«)) - a(r(f«)))ds 
Jo 

lr^(tAr„)-„(7(^i'-\a^) -7('^i-\a;))(/i(ds,dx) - Fidx)ds). 



Jo J E 

There are constants M > 1 and w e M such that 

||5't||<Me"* forallt>0, 

see, e.g., |251 Thm. 13. 35. a]. Furthermore, by the assumed local Lipschitz continuity 
of the mappings, there exists a constant L„ > such that 

\\a{hi) - a(/i2)|| < Ln\\hi - /i2||, 

\\a{hi) - cr(/l2)||L0(H) < Ln\\hi ~ /laH, 
(^Jjj{hux)~-/ih2,x)\\^F{dx)j ' <L„||/ll-/l2|| 

for all hi,h2 (z H with ||/ii||, ||/i2|| ^ ^t-- By the Cauchy-Schwarz inequality and the 
Ito isometry, for all < s < i < T we obtain 

(A.7) E[\\X^ - Xl^f] < Cn jy[\\x:f]du. 

where the constant C„ > is given by 

C„ = 3(r + 2)(Me'"^i„)2. 
Note that for all h, g E H we have 

\'~\\gr\<\\h-gr + 2\\g\\\\h~g\\. 
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Therefore, estimate (A.7I and the Cauchy-Schwarz mequahty yield 

\E[\\xir]-mKT]\<^\\xi'-x:r]+H\\x7r^^^^ 

< Cn{2nf(t ~ s) + 2Va(2n)2TVC„(2n)2(i-s) 
= Cn{2nf{{t - s) + 2VfVt^) for all < s < t < T. 
Hence, the nonncgative function 

[0,T]^M, t^E[\\X'^f] 



is continuous. In view of (A.7|, the Gronwall lemma applies and yields 

E[||X,"||2] ^0 for alH e [0,r]. 

Since T > was arbitrary and the sample paths of r^''°^ and A3°'> are cadlag, 
recalling that P(r„ — > r^'*"-' A r*^^"') = 1 we deduce that up to an evanescent set 

(^(/.o)).<'^»'Ar<™)j^ = hm (r(""))^"lr = lim (r(^"))^"lr = (rf*^))-"^"'^-'™' Ir, 

n— foo n— fCJO 

completing the proof. □ 
A. 11. Lemma. Let Ai C 'D{A) be a subs et su ch that A is continuous on A4, and 



let r = r^'^o) ^ local weak solution to (1.1) with lifetime t > for some Tq- 
measurable random variable ho : fl ^ H such that {r"^)- € M up to an evanescent 
set. Then, r is also a local strong solution to (1.1) with lifetime t. 



Proof. Condition (A. 3 1 is satisfied, because (r'^)_ e C 'D{A) up to an evanescent 
set, and condition (A.4) is satisfied due to the continuity of A on A^. Taking into 
account Remark |A.4[ we obtain for each C, £ 'D{A*) that P-almost surely 



(C, n^r) = (C, ho) + / {{A*C, r,) + (C, a{r,)))ds + 



(C, 7(?'s- , x)){^{ds, dx) — F{dx)ds) 



{(:,a{r,))dW, 







t/\T 



a{r,)dWs 



{Ars + a{ri))ds - 

7(rs_, x){ij{ds, dx) — F{dx)ds)) , t > 0. 
Since D{A*) is dense in H, we get P-almost surely 

rt/\T ^ ho+ I (Ars + a{rs))ds + J a{r,s)dWs 

^{rs-, x){ii{ds, dx) — F{dx)ds), t > 0, 

showing that r is a local strong solution to ( |1.1[ ) with lifetime r. 

A. 12. Remark. According to 19, Prop. II. 1.14], there exist a sequence (T„)„gN of 
finite stopping times with |r„] H |Tm] = for n ^ m and an E-valued optional 
process ^ such that for every optional process 7 : fi x K_|_ x E H with 

(A.8) p( [ [ ||7(s,a;)||/i(ds,da;) < 00) = 1 for all t > 

we have 
(A.9) 



□ 



JE 



/ / lis,x)fJ,{ds,dx) ^^j{Tn,^Tj'^{T„<t}, t>0. 

Jo Je 
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Furthermore, for every predictable process 7 : x M_|_ x E ^ H with 
||7(s, x)\\'^F{dx)ds < 00 ) = 1 for aUt>0 



lO JE J 

the jumps of the integral process 

Xt / ^{s, x){fj,{ds, dx) — F{dx)ds), t>0 

Jo J E 

are given by 

(A.IO) AXt =7(^,6)51 



see [H Sec. Il.l.d]. 



A. 13. Lemma. Let r = r'^'^°^ be a local weak solution to (1.1) with lifetime t > for 
some J-Q -measurable random variable ho : Q ^ H . Then, the following statements 
are true: 

(1) The jumps of the stopped process r"^ are given by 

(2) For each n G N we have 

^^T„l{r„<r} = 7(^r„-,Cr„)l{r„<T}- 

Proof. Let X be the process 

/•iAT /• 

Xt := {Cnirs-:x))i^{ds,dx) - F{dx)ds), t > 0. 



JE 



Since r is a local weak solution to (1.1 1, for every C e V{A*) we have, by using 



(C, ArfAr) = A{C,rt/,T) = ^Xt/^r = (C, 7(7'(tAr)-, CtAr)) ^ l{r„=tAr 



C,7(r(tAr)-,6AT) X! l{r„=tAT}), ^ > 



Taking into account that T>{A*) is dense in H, the first statement follows. Since 
I'''"] \Tm\ = for n 7^ TO, we deduce that 

^^r„l{r„<T} = ^''T„ATl{T„<r} = ( 7(''(t„ At)- , Ct„ At) ^ 1{t„=t„At} ]1{t„<t} 

7(^T„-,^T„) X! 1{^™=T„} jl{T„<T} = 7(''t„-,Ct„)1{t„<t} 

for each n G N, establishing the second statement. □ 

Recall that a closed, convex cone C is a nonempty, closed subset C C H such 
that h + g e C for all h,g e C and Xh e C for all A > and h e C. 

A. 14. Lemma. Let {G,Q,y) be a a-finite measure space, let C d H be a closed, 
convex cone and let f G C^(G]H) be such that f{x) G C for v-almost all x £ G. 
Then we have 

fdv G C. 
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Proof. First, we assume that / G C^{G] H) is a simple function of the form 

in 

(A.ll) f = Y^culA, 

k=l 

with Cfc G C and e satisfying vi^Ak) < oo for k — 1, . . . , m. Then we have 

Now, let / G >C^(G; i/) be an arbitrary function such that f{x) G C for z/-almost all 
X £ G. Arguing as in the proof o f |H1 Le mma 1.1], there exists a a sequence (/„),igN 
of simple functions of the form (A.ll) such that /„ — > / in £^{G;H). Therefore, 
we get 



fdiy = lim / fndi' G C. 



G 



finishing the proof. 



□ 



A. 15. Lemma. Let G d H be a elosed, convex cone and let ^ : D, x x E ^ H 
be an optional process satisfying (A. 8 ) such that 

7(»,x) G C up to an evanescent set, for F -almost all x Cz E. 

Then we have X £ G up to an evanescent set, where X denotes the integral process 



Xt := 



j{s,x)^{ds,dx), t>0. 



JE 



Proof. By assumption, there is an F~nullset N such that 

7(», x) G C up to an evanescent set, for all x G N'^ 



Using identity (|A.9[) and [19, Thm. IL1.8] we obtain 



E 



E 



E 



JE 



^{x€N}Kd-s,dx) 
■{xeN}F{dx)ds 



= 0, 



which gives us P(^r„ ^ N for all n G N) = 1. Using (A. 9) we obtain P-almost surely 
Xt^J2 ^rjl{r^<t} e G for ah t > 0, 

neti 

finishing the proof. □ 
In this text, we apply the following version of Ito's formula. 

A.16. Theorem. Leta : nxR+ E™, a : fJxM+ L^(M™) and'^ : flxR+xE 
K™ be predictable processes such that for all t > we have 

^^lli«(R-) + \h{s,x)\\^F{dx)^ds < oo^ = 1. 
M™ be an J-Q-measurable random variable, let Y be the 



Furthermore, let Yq : 
MJ^ -valued ltd process 



Yt = Yo+ [ a^rfs + V [ (jidl3l+ [ f -/{s,x){fi{ds,dx) - F{d 
Jo jew^o 



'x)ds), t > 
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and let (f> e C^(M''"; H) be arbitrary. Then we have V -almost surely 
+ ((/.(n + 7(s, x)) - ^(Ys) - Dcj){Y,)^{s, x))F{dx)^ ds 



E 

t 



D<j,{Y,)ald(5i 



((/)(Ys- + 7(s, x)) - (/'(Ys-)) (Ai(ds, dx) - F{dx)ds), t > 



where 





XjCrej for each j G N. 



Proof. This follows from applying Ito's formula for finite dimensional semimartin- 
gales (see [19l Tlim.I.4.57]) to {h, for each he H. □ 

From now on, we fix mappings a : H ^ H , : H^H,jEN,'^: HxE^H 
satisfying the regularity conditions (2.2)-(2.4) and (2.6)-(2.8), where the respective 
functions pn ■ E ^ E_(. only need to satisfy (3.4 1. Using the identifica tion L^jH) = 
P{H), which holds true by the isometric isomorphism defined in (A.l), we can 
identify the sequence (cr-')jeN 



of mappings cr^ 
continuous mapping cr : _ff — > L^{H). 

A. 17. Lemma. The following statements are true: 
(1) For each h £ H we have 

(A.12) ^||Do-^'(/i)(7^'(/i)|| < oo 



H ^ H with a locally Lipschitz 



(2) The mapping 
(A.13) 



H, h^Y^ Da^ {h)(7^ (h) 
is continuous. 

Proof. Let j G N be arbitrary. Furthermore, let /i G i? be arbitrary. There exists 



n G N such that \\h\\ < n. By estimates (2.3), \2.A\ we have 
(A.14) \\Da^{h)a'{h)\\ < \\D<j^h)\\ \\a^ {h)\\ < 

Since J^jeni'^n)'^ ^ have (A.12), showing that the first statement holds true. 

For each j G N the mapping 

H^H, DaHh)a^{h) 
is continuous, because for all hi,h2 (z H we have 
\\DaHhi)a^{hi)-Da^{h2)a^ih2)\\ 

< \\Da^{hi)a^ih,) - Da^ {hl)a^h2)\\ + ||Da^ (/ii)(7^'(/i2) - Da^ {h2)a^ (h^^ 

< \\Da^h,)\\ \\a^h,) - a^h2)\\ + \\Da^h,) - Da^ (h^^ h^ih^)]]- 
Denoting by v the counting measure on (N, *P(N)) given by ~ 1 for all j G N, 



we can express the mapping ( A.13[ ) as 



D(T^{h)(T\h)v{dj). 



Taking into account estimate (A. 14 1, Lebesgue's dominated convergence theorem 
yields the continuity of the mapping (A.13). □ 
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A. 18. Lemma. Let B ^ £ be a set with F[B'') < oo. 

(1) For each h ^ H we have 

(A.15) / ||7(/i,2:)||F(da;) < cx). 

(2) The mappings . H ^ H and 7^ : H x E ^ H defined as 
(A.16) (h) := a{h) - [ j{h,x)F{dx), 

(A.17) -i'^{h,x):=-i{h,x)lB{x) 



also satisfy the regularity conditions \2.2^ , \2.0\j , 12. 

Proof. Let h £ H he arbitrary. There exists n E N with \\h\\ < n. By the Cauchy- 
Schwarz inequahty and (2.7), (3.4) we have 



\h{h,x)\\F{dx)<F{B^y/^ / \Mh,x)rFidx) 



1/2 



<F{B-y/'(^J^p^{xfFidx 



1/2 



< 00, 



showing (A.15). Now, let n € N and /ii,ft.2 G H with ||/ii||, II/12II < ?^ be arbitrary. 
By the Cauchy-Schwarz inequahty and (2.6) we obtain 



j{hi, x)F{dx) 



7(/i2, x)F{dx) 



< 



h{hi,x)~j{h2,x)\\F{dx) 



<F{B-y/^(^J 



\h{hi,x)~-f{h2,x)fF{dx) 



1/2 



1/2 



which, in view of jO, prov es that also satisfies \2.2l. Furthermore, t he ma pping 
7-^ also satisfies (2.6), (2.7), which directly follows from its Definition (A.17). □ 

A. 19. Lemma. For every set B d £ with F{B'^) < 00 the process 

iVt :=^([0,i] X B^), t>0 

is a cadldg, adapted process with Nq — 0, N Cz Nq and AN G {0, 1} up to an 
evanescent set, and we have the representation 

(A.18) iVt = ^l{^^^^B}l{,„<t}, t>0. 

Proof. We have Nq — 0, because fi{uj; {0} x E) = for all w e O by the definition 
of a random measure, see [111 Dcf. II. 1.3]. By (A. 9) we have 

Nt = ^ii[o,t]xB^)= f f l^,^B}'^^,<t}^Iids,dx) 

Jo Je 



Em,. 



„^B}-l^{r„<t}7 



t > 



which provides the representation (A.18) and shows that N e Nq. Since 
E[Nt] = E[/i([0, t] X B")] = tFiB") < 00 for all t > 0, 



we deduce that ¥{Nt < 00) = 1 for all t > 0. Therefore, the representation (A.18) 
shows that the process N is cadlag, adapted with iV G No up to an evanescent set. 
Since ^{oj; {t} x E) < 1 for all (w, t) G fix M+ by the definition of an integer-valued 
random measure, see [13 Def. II. 1.13], we obtain AiV e {0, 1}. □ 
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For any set B G £ we define the mapping : 

:= M{t > : ^([0,^] x B"") = 1}. 



as 



For tire representation (A.20 1 below we recall that for any stopping time r and any 
set A Tr the mapping : Q 



(A.19) 



given by 

Jr(a;), oj e A 
I oo, uj ^ A 



is also a stopping time. 

A.20. Lemma. For every set B ^ £ with F{B'^) < oo the mapping g^ is a strictly 
positive stopping time and we have the representation 



(A.20) 



^>^=minri«-^^^ 



Proof. This is a direct consequence of Lemma |A.19[ 



□ 



We shall now consider the SPDE 



(A.21) 



drf = {Arf +a^{rf))dt + cj{rf)dWt^^"^ 

+ Ie l^{rF-^,x){fi'^^"^dt, dx) - F{dx)dt) 



where i? G £ is a set with F{B^)< oo an d the mappings : H 
-f^ : H X E ^ H a.ie given by (|A.16l), (|A.17|). 



H and 



A.21. Proposition. Let Hq : ^ H be an To-measurable random variable, let 
< T < g^ be a stopping time, and let B E £ be a set with F{B'^) < oo. Then, the 
following statements are true: 

(1) If there exists a local mild solution r to with lifetime t, then there also 

exists a local mild solution r^ to {A.21) with lifetime t such that 



(A.22 



(2) If there exists a local mild solution r^ to (A.21) with lifetime t, then there 



also exists a local mild solution r to (1.1) with lifetime t such that (A.22) 
is satisfied. 

In particular, in either case we have (t"^)- = {{r^Y)_. 



Proof. Let r be a local mild solution to ( 1.1 ) with lifctime r. We define the process 
by 

r^ ■.= r~ 7('"e«-,^e«)l[e«,oo[- 

Then, r^ is cadlag and adapted, because ^{r^B_: Cg^) is J^^b -measurable, and, since 
T < g^ , we have 



(r 



B\T 
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Therefore, we have (A. 22 1, and hence {r'^)- = {{r^y)^. Smce r is a local mild 
solution to (1.1) with lifetime t, we have P-almost surely 



tAr 



t/\T 



t/\T 



S{tAT)~sl{rs-,x){n{ds, dx) - F{dx)ds) 
Je 

7(''r-,^r)l{r=eB}l{r<t} 



tAr 



t/\T 



tAT 



S(tAr)-sl{r'^-,x){^l{ds, dx) - F{dx)ds) 

7(r^_,er)l{r=e«}l{r<t}, ^ > 0. 



JE 
B 



Hence, by the Definitions (A. 16), (A. 17) of a ,7 we get P-almost surely 



tAT 







tAT 







t^^-5tAT^o+ / 5'(tAr)-sa ir^)ds+ j S(thT)-s(^{rs)dW, 

t/\T 

Je 



S(t/\T)-s^^ {rf- , x) {^l{ds, dx) - F{dx)ds) 
7(?'f-,^r)l{r=e^}l{T<t} + / / S(^t;\T)-sl{'r^-,x)F{dx)ds 

Jo JB': 

S{tAT)-s7{'rf-, x){fj,{ds, dx) — F{dx)ds), t > 0. 



JB 



By (A.9) and the representation (A.20) from Lemma A. 20 we have P-almost surely 
(A.23) 

ftAr /• 

/ S(tAT)~s7{rf-,x)^i{ds,dx) 

J B'^ 

= X] '^(*AT)-r„7(^^-jCr„)l{C^„^S}l{T„<fAT} 
neN 

= 'S'(tAr)-e«7(^fB-- Ce«)l{e«<tAr} = S(^t/\T)-QBl{'r^B ^■,igB)li^r=QB}'^{T<t} 

= 7(^f-,^r)l{T=eS}l{r<f}, t>0. 

Therefore, we obtain P-almost surely 



tAr 



StArK + I S(tAT)-sa [r^ )ds + / S(tAr)-s(^{rs )dW, 



tAT 



JB 



S(tAT)-sl {r^_,x){^i{ds,dx) - F{dx)ds), t>0 



showing that is a local mild solution to (A. 21) with lifetime r. This proves the 
first statement. 

Now, let be a local mild solution to (A. 21) with lifetime r. We define the 
process r by 

Then, r is cadlag and adapted, because j{r^B_, Cg^) is J^^b -measurable, and, since 
T < , we have 

= (r^)"+7('^fB„,Ce«)l{.=ei.}l|.,ooI - (r^)" + 7('^f-, er)l{r=ei^}l[r,oo[- 
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„B 



Therefore, we have (A.22), and hence {r'^)- — ((r )'^)_. Since r is a local mild 
solution to (A. 21) with lifetime r, we have P-almost surely 



tAr 



rtAT = StArho + / S(^tjxT)-sa {r^ )ds + / S'(Mr)-sCr(?'s )dWt 



t/\T 



t/\T 



S{t/\r)-sl^ {rf--,x){fi{ds,dx) - F{dx)ds) 



+ 7(''f-^,Cr)l{r=eS}l{r<i} 



tAr 



tAr 



= StArho + / ^(tAr)-^" {rs)ds + / 5(4Ar)-sO'(?'s)c'W^s 
Jo "'0 
(•tAr ^ 

+ / / S(^t;,r)-sl^irs-,x){^i{ds,dx) - F{dx)ds) 

Jo J E 

+ Tl'^r-, Cr)l{r=e«}l{r<t}, t > 0. 

Hence, by the Definitions (A.16), (A. 17 1 of ,"f^ we get P-almost surely 



rtAr 



tAr 



tAr 



St^rho + / S(tA^)_sa{rs)ds + j S(tA^)_s(^{rs)dWs 
S(tAT)-slirs-,x){^j,{ds, dx) - F{dx)ds) 

+ 7(^r-,Cr)l{r=e^^}l{r<f} - / / S (tr.r)^sl{r s- ,x)F (dx)ds, t 

Jo Jb" 



> 0. 



Arguing as in (A.23), we have P-almost surely 

r-fAr p 







S{tAT)-sl{rs^,x)fJ,{ds,dx) = 7(r^_, ^r)l{r=0B}l{r<t}, t > 0. 

Therefore, we obtain P-almost surely 



tAr 



S{t/\T}-sl{rs-,x){^J.{ds, dx) - F{dx)ds), t>0 



showing that r is a local mild solution to ( |1.1[ ) with lifetime r. This proves the 
second statement. □ 

A.22. Lemma. Let Gi,G2 he metric spaces such that Gi is separable. Let B <Z Gi 
he a Borel set, let C G G2 be a closed set and let S : Gi x E ^ G2 be a measurable 
mapping such that S{»,x) : Gi — )• 6*2 is continuous for all x Cz E. Suppose that 

(A. 24) S{h, x) e C for F -almost all x e E, for all h G B. 

Then, we even have 

(A. 25) S{h, x) e C for all h e B, for F -almost all x e E. 

Proof. By separability of Gi there exists a countable set D, which is dense in B. 
By (A.24|, for each h £ D there exists an i^-nuUset Nh such that 

S{h,x)eC for all X e A^,*;. 

The set N := U/igd is also an i^-nuUset. Now, let ft- G B be arbitrary. Then, 
there exists a sequence (/in)neN C D with ft,„ — )• h, and hence 

S{hn, x) e C for all n e N and x e N". 
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Since S{u,x) is continuous for all x Cz E and the set C is closed in G2, we deduce 
S{h,x) = lim S{hn,x) e C for all x e N'', 



providing (A.25). 



□ 



A. 23. Proposition. Let Bi <Z B2 <Z H he two nonempty Borel sets such that Bi is 
prelocally invariant in B2 for (1.1), see Definition 3.2 Then we have 

ft, + 7(ft, x) G i?2 for F -almost all x ^ E , for all h lE Bi. 

Proof. We denote by 

dB^:H^R+, dB^{h):= inf \\h - g\\ 

geB2 

the distance function of the set B2 . Since 

Mssl^i) - dB2{h2)\ < 11^1 - ^211 for all ft-i, ^2 e H, 



by the linear growth condition (2.7 1, for all n G N, all /i G B2 with \\h\\ < n and all 
X G E we have 

(A.26) \dBAh + lih,x))\ = \dB,{h + j{h,x))-dBM\ < Il7(^,2;)|l < Pn{x). 
By ( |2.6[ ) and Lebesgue's dominated convergence theorem, the mapping 

(A.27) S2^M, [ \dB2{h + -f{h,x))\^F{dx) 



is c ontin uous. Now, let h Cz Bi he arbitrary. Since Bi is prelo cally invariant in B2 
for (1.1), there exists a local mild solution r — r^'^^ to (1.1) with lifetime t > 
such that g Bi and r"^ € ^2 up to an evanescent set. Taking into account 

[TOl Thm. II. 1.8], identity ( |A.9[ ) and Lemma |AJ3) we obtain 

E 



"'B 



= E 
= E 

= E 



IdB^rs- +jir,^,x))\^F{dx)ds 
\dB2{rs- +7(rs„,x))p^(ds,dx) 



JE 



I]Ms2('^r„-+A?Vj|'l{r„<. 



E 



Therefore, we have P-almost surely 



(A.28) 



\dB2{r,-+lirs^,x))\'F{dx) ]ds^O, t>0 



Since the process r is cadlag with (r"^)- G Bi up to an evanescent set and the 
mapping (A.27) is continuous, the integrand appearing in (A.28) is continuous in 
s = 0. Thus, we deduce that 



Ie 



\dB2{h + j{h,x))\'^F{dx)=Q. 



This provides 

dB2 + x)) = for F-almost all x E E, 

and hence 

h + j{h, x) E B2 for F-almost all x E E, 
completing the proof. 



□ 
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A. 24. Proposition. Let Bi C B2 C H be two nonempty Borel sets such that 

(A. 29) h + j{h, x) e B2 for F -almost all x e E, for all he Bi. 

Let ho : fl ^ H be an J- q -measurable random variable and let r ~ r^^°^ be a local 



mild solution to (LI) with lifetime r > such that {r'^)- G Bi and r'^l|o_7-[ € B2 
up to an evanescent set. Then we have r'^ G B2 up to an evanescent set. 

Proof. Since r'^l|Q^| G B2 up to an evanescent set, it suffices to prove that 

(A.30) P('^rl{r<oo} e B2) = I. 



By dX9l, [ini Thm. II. 1.8] and (A.29) we obtain 



E 



„-+7('-x„-,?x„)^B2} 



neN 

E 



= E 



/ / l{r,-+-f(r,-,x)<fB2}lJ'{ds,dx) 
Jo JE 



I { r, _ +7 (r, _ ,a; ) ^ S2 } ('^2; ) d.S 



0, 



which yields 

P(r^^_ +7(»V„-,Cr,.) G B2 for all n G N) = 1. 
Therefore, by Lemma [A. 13| we obtain P-almost surely 

''Tl{r<oo} = (rr- + Ar^)l{^<oo} = irr-+ l(.rr-,ir) ^ 1{t„=t} ) l{r<oo} G B2, 



proving (A.30 1 



□ 



A. 25. Corollary. Let B (Z C (Z H be two nonempty Borel sets such that C is closed 
in H and 

h + 7(ft., x) € C for F -almost all x e E, for all h e B . 

Let Hq : D, ^ H be an F^-measurable random variable and let r — r''*"^ be a local 
mild solution to with lifetime r > such that e B up to an evanescent 

set. Then we have r"^ € C up to an evanescent set. 

Proof. By the closedness of C in _ff , we have r'^l|o ,-| G C up to an evanescent set. 
Thus, the statement follows from Proposition A. 24 □ 



Appendix B. Finite dimensional submanifolds with boundary in 

HiLBERT SPACES 

For convenience of the reader, we provide the crucial properties of finite dimen- 
sional submanifolds with boundary in Hilbert spaces. For more details, we refer to 
any textbook about manifolds, e.g., [J, [5D] or [53]. 

Let _ff be a Hilbert space and let m G N be a positive integer. We denote by K™ 
the set of m-tuples y G M™ with non-negative first coordinate yi > 0, that is 

M™ = M+ X M"-i = {y G M™ : yi > 0}. 

We consider the relative topology on R"^. Let V be an open subset in R™, i.e., there 
exists an open set V C such that V n = V^. A boundary point of V is by 
definition any point y e V with vanishing first coordinate yi = 0. The set of all 
boundary points of V is denoted by dV, i.e. 

dV ^{yeV -.y,^ 0}. 



Let fc G N be arbitrary. 
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B.l. Definition. A map <j) : V C M™ — > H is called a C'^-map, if there is an 
open set V C M™ together with a C^-map (f) : V H such that V M™ — V and 
^\v = 0- 

For a C'"'-map (j) : V C M™ — > H and y E V we define the derivative D(t){y) := 
D(p{y). Note that this definition does not depend on the choice of (p. 

B.2. Definition. A map cj) : V C WJ^ ^ W C WJ^ is called a C'^-diffeomorpliism, 
if (f) is bijective and both, (f> and <j>^^ , are C^-maps. 

The following lemma is a standard result, whence we omit the proof. 

B.3. Lemma. Let (p : V C M™ ~> W C M™ be a C'' -diffeomorphism for some 
fc G N. Then the following statements are true: 

(1) We have (j){dV) = dW . 

(2) For each y e dV we have D(t){y)W^ C M!p. 

Hence, boundary points of V are mapped to boundary points of W under a 
C'^-diffeomorphism. 

B.4. Definition. Let Ai C H be a nonempty subset. 

(1) A4 is an m-dimensional C'^-submanifold with bomidary of LI , if for all 
h € M there exist an open neighborhood U d H of h, an open set V C M™ 
and a map (j> G C''{V; LI) such that 

(a) (j) : V ^ U n A4 is a homeomorphism; 

(b) D(j)(y) is one to one for all y Cz V . 

The map (j) is called a parametrization of A4 around h. 

(2) The boundary of A4 is defined as the set of all points h (z A4 such that 
(j)~^{h) g dV for some parametrization (j) :V ^ LL around h. The set of all 
boundary points is denoted by dAi and is a submanifold without boundary of 
dimension m — 1 of H . Parametrizations of dM are provided by restricting 
parametrizations (j) : V ^ LL of Ai to the boundary dV . 

Notice that any submanifold is a submanifold with empty boundary. In what 
follows, let A4 be an m-dimensional C'^-submanifold with boundary of H . 

B.5. Definition. Let h e M be arbitrary and let (p : V C M™ U D M be a 

parametrization around h. 

(1) The tangent space to at ft, is the subspace 
(B.l) nM := DcP{y)W-, y = r\h) e V. 

(2) For h £ dA4 we can distinguish a half space in T^M, namely the set of all 
inward pointing directions in A4, given by 

(B.2) (ThM)^ := y - ^Hh) e dV. 

B.6. Remark. By [T31 Lemma 6.1.1] and Lemma B.!^ the Definitions (B.l), {B.2) 
of the tangent spaces ThA4 and {ThA4)_^ are independent of the choice of the 
parametrization. 

Since parametrizations of dM are provided by restricting parametrizations cf> : 
V C M™ U nM of M to the boundary dV, for any h e dM we have 

(B.3) ThdM^D<p{y)dW:{::, y = (j)-^{h) e dV. 

In particular, we see that 

ThdM = {nM)+ n -{nM)+ c {nM)+ 

^^■^^ cl{ThM)+(J-{Ti-M)+=ThM, hedM. 
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For a subset A C H we define 

—{heH : {h, g) =0 for all g e A}, 

A+ ■.= {heH : {h, g)>0 for all g e A}. 

In order to introduce the inward pointing normal (tangent) vectors at boundary 
points of the submanifold A4, we require the following auxiliary result. The proof 
is elementary and therefore omitted. 

B.7. Lemma. For each h e dAi there exists a unique vector rjh € {ThM)+ H 
{ThdM)-^ with \\rih\\ = 1 such that 

(B.5) ThM - ThdM © span{%}. 

Moreover, for each h G dM. we have 

(B.6) Th^M^ThMr^{r^h}^, 

(B.7) (T^X)+ =T^Xn{r;4+. 

B.8. Definition. For each h € dAi we call rjh the inward pointing normal (tangent) 
vector to dM at h. 

In the sequel, the vector ei € M™ denotes the first unit vector ei = (1, 0, . . . , 0). 

B.9. Lemma. Let cf) : V d M™ U H Ai be a parametrization. Then, for every 
h Cz U D dM there exists a unique number A > such that 

(B.8) {rih, D(l){y)v) = \{ei,v) for all v G M", 

where y = 4}~^{h). 

Proof. Let h E U O dA4 be arbitrary. We define the continuous linear functional 

^:M"^M, £{v):={rjh,D<l>{y)v). 
There is a unique z € M™ such that 
(B.9) e{v) = {z, v) for all v € M". 

In order to complete the proof, we shall show that z = Aei for some A > 0. By 
identity (B.6) from Lemma B.7 for any v g M™ we have £{v) = if and only if 
D(j){y)v E TfidAi, which, in view of (B.3 1, means that v G This shows ker(£) = 

and hence, there exists a unique A G M such that z = Aei. Consequently, 
identity (|R8]) is vahd. By ( |R2|) ( [b3| ) we have D(t){y)ei € {ThM)+ \ T^dM, and 
hence, inserting v = ei into (B.8), by (B.6), (B.7) we obtain 

A = A(ei,ei) = {rjh, D(l){y)ei) > 0, 

finishing the proof. □ 

In the sequel, for Hq E H and e > we denote by Bg{ha) the open ball 

B,{ha) = {h E H : - /loll < e}- 

B.IO. Lemma. For each h^ E M there exists Cq > Q such that for all < e < eg 
the following statements are true: 



(1) The set Bi^{ha) (1 Ai is compact. 

(2) We have B,{ho)r\Ai cBjho)r\M. 

Proof. Let Hq E M he arbitrary, let (j) : V C M™ — > [/ n be a parametrization 
around ho and set yo := cf)^^{ha) E V. Since V is open in M™, there exist X C 
K <Z V such that X is open in WV: and K is compact. Since (}> : V ~^ U \^ Ai \s 
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a homeomorphism, (f>{X) is open in [/ n and (piK) is compact. Therefore, and 
since U is an open neighborhood of /iq, there exists eo > such that 

BJho)cU and B^Jho) f] {U Ci M) C ^X) . 

Let < e < eo be arbitrary. Since (j){X) C (j){K) C U H M, we have the identity 

B,{ho)nM = B,{ho)n^iK), 

showing that B^{hQ)r\M is cfosed in (j){K). Since (j){K) is compact, we deduce that 
Be{ho) n is compact, estabhshing the first statement. 

For the proof of the second statement, let h G Bf{ho) n be arbitrary. Since 
h £ M, there exists a sequence (/i„)„eN C M with /i„ h. Therefore, and since 
h G B^{ho), there exists an index no G N such that hn G B^{ho) for aU n > no. 
Consequently, we have /i„ G B^{ho) n A4 for all n > uq. By the closedness of 
B^{ho) n we deduce that h G B^{ho) n A4, completing the proof. □ 

For two Banach spaces X, Y we denote by C^{X; Y) the linear space consisting 
of all / G C''{X;Y) such that is bounded for alH = 1, . . . , k. In particular, for 
each / G Cl^{X; Y) the mappings D^f, i = 0, . . . , k — I are Lipschitz continuous. 
We do not demand that / itself is bounded, as this would exclude continuous linear 
operators / G L{X,Y). 

B.ll. Lemma. Let A4o C H be an m- dimensional -submanifold with boundary 
of H , let fiQ Cz M be arbitrary and let D d H be a dense subset. Then there exist 

• a constant e > such that M. :— B^{ho) H A^o o-n m- dimensional C*' - 
submanifold with boundary of H , 

• an m- dimensional C'' -submanifold JV with boundary o/M™, 

• parametrizations (j) : V ^ Ai and ip : V ^ Af, 

• and elements Ci, • • • , C™ G such that the mapping f :— (poip^^ : N ^ M. 
has the inverse 

(B.IO) f-':M^Af, f-\h) = {C,h) :={{(!, h),..., {Cm, h)) 

Furthermore, the mappings (f), tp, $ :— (f)^^ , 5* have extensions (p G 

Proof. Taking into account [13l Prop. 6.1.2], there exist 

• a constant e > 0, 

• an m-dimensional C'^-submanifold Ai oi H without boundary, 

• a parametrization cp : V C M'" A4 and such that (p{V) = A4, where 
V -.^Vn W]^ and M := B,{ho) n Mo, 

• elements Ci , • • • , C™ G D and a parametrization f : Af C M™ — > Ai with 
inverse 

f-':M^N, f-\h)^{C,h) :=((Ci,/i),...,(C™,/i)). 

We set p := 4>\v, M := r\M), f := /V and V /"^ o Then, (p-.VcM.'^^ 
A^ is a parametrization, Af is an m-dimensional C'^-submanifold with boundary of 
M™ and ip :V <Z Wfp — > A/" is a parametrization. 

By the inverse mapping theorem, see [1] Thm. 2.5.2], the parametrization ip is a. 
local diffeomorphism. Hence, arguing as in |13l Remark 6.1.1], we may assume that 
the mappings </>, ip, $ := , ^' := ip~^ (after restricting to smaller neighborhoods, 
if necessary) have the desired extensions. □ 
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The following diagram illustrates the situation provided by Lemma B.ll 



N C ^ M C H 




V c R'l' 

B. 12. Lemma. Let h e M be arbitrary and let (j> : V C M™ U (1 M be a 
parametrization around h such that $ :— cj)^^ has an extension $ G C'^(-ff;M™). 
Then we have 

D(j){yy^w = D<^>{h)w for all w G ThM, 

where y = (l)^^{h). 

Proof. The identity D^{h)D(f){y) = o = M\r^ yields the assertion. □ 

Appendix C. Further auxiliary results 

Let Ai be an m-dimensional C'^-submanifold with boundary of H. For h e dA4 
the vector r]h denotes the inward pointing normal (tangent) vector to dA4 at h. 

C. l. Lemma. Let (p : V C M™ U O A4 be a parametrization and let a E C^{H) 
be a mapping such that 

(C.l) a{h)eThM, heUriM. 

We define the mapping 

(C.2) 9:V^R"\ e{y) D(j){yy^a{h), where h := (j){y) e U n M . 

(1) For each h d U H Ai we have the decomposition 

(C.3) Da{h)aih) = Dc^{y){De{v)e(,y)) + D^c^{ymy), e{y)), 

where y — (p^^iji) £ V. 

(2) //, moreover, we have 

(C.4) cr{h)eThdM, heUndM 

then for each h Cz U D dA4 we have 
(C.5) {Tj,,,Da{h)a{h)) = {^,,,D'c^{y){e{y),e{y))}, 

where y — (j)^^{h) £ dV . 

Proof. Let h E UDAihe arbitrary and set y := (t>^^{h) e V . There exist e > and 
A e {-1, 1} such that 

(C.6) y + Kte{y) e V for all t £ [0, e). 

Consequently, the curve 

c : [0,e) [/nTW, c{t) := ^{y + Me{y)) 
is well-defined and we have c £ C^{[0, e); H). Note that 

c(0) = h and ^c{t) = AD(j){y)e{y) = Aa{h) 
dt t=a 



by the Definition (C.2 1 of 9. Therefore, we have 

d 



dt 



cr{c{t)) = KDa{h)cT{h). 
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On the other hand, by (C.2), 
d 



dt 



a{c{t)) 



t=o 



dt 



D^{y + Kte{v))e{y + Kteiv)) 



t=0 



= K{D4>{y){De{y)e{y)) + D^(t>{ymy).o{y))). 

Combining the latter two identities yields ( |C.3[ ), proving the first statement. 

Now, suppose that (C.4| is satisfied. Then, we have 9{y) G for all y G dV , 
and therefore 

(C.7) (ei , e{y)) = for aU y G dV . 

Let h G U n dAi be arbitrary and set y := (j)~^{h) G dV. There exist e > and 
A G { — 1, 1} such that (C.6) is satisfied. Moreover, we have 

{ei,y + kte{y)) - (d, + Kt{euO{y)) = for all t G [0, e), 

which gives us 

y + Kte{y) G dV for ah t G [0, e). 
Consequently, using Lemma B.9 and ( |C.7 ), for some A > we obtain 

{T^H.D^{y){De{y)e{y))) = \{e^, De{y)e{y)) 
{e^,e{y + Kte{y)))-{e,,e{y)) ^ 



A lim ■ 



In view of (C.3), identity (C.5) follows, establishing the second statement. 



□ 



Let 7 : X S 
mappings pn ■ E ^ 



> H he a mapping fulfilling conditions (2.61, (2.7 1 with the 
l+, n eN satisfying (|3.4[). 



C.2. Definition. We introduce the following notions: 

(1) Let liQ Cz Ai be arbitrary. We say that 7 satisfies the e-(5-jump condition in 
hg, if there exists Cq > such that for every < e < co the set B^^Hq) f] M. 
is compact, and there are < S < e and a set B G £ with F{B'^) < 00 such 
that 

(C.8) 

h + '-f{h,x) e Bf^{hQ)r]M f or F -almost all X e B , for all h e Bs{ho) n M. 

(2) We say that 7 satisfies the e-^-jump condition on A^, 1/7 satisfies the 
e-6-jump condition in Hq for each h^ G M. 

C.3. Lemma. Let ho Cz M be such that for some neighborhood U of ho we have 
(C.9) ho + j{ho,x)eM for F -almost all X e E , for all h £ U n M. 
Then 7 satisfies the e-S-jump condition in hg. 

Proof. By Lemma [B.10| there exists > such that for every < e < cq the set 
B^{ho) n is compact and we have Be{ho) D M C i?e(/io) n M. Let < e < eo 
be arbitrary. There exists < S < e/2 such that Bs{ho) C U. Moreover, there is 
n eN such that \\h\\ < n for all h G Bsiha) n M. Setting B := {p„ < 6} e £, by 
(3.4) and Chebyshev's inequality we obtain 

'2n2 



FiB") < 



p„{x) F{dx) < 00. 



Let h G Bs{h^) n be arbitrary. By (2.7) we have 

||7(/i,a;)|| < Pn{x) < 6 for all x e B. 



Taking into account ( |C.9[ ), we deduce 

h + j{h, x) G -Be(/io) CiMc B^iho) f] M for F-almost all x G E, 
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showing that 7 satisfies the e-(5-jump condition in ha. □ 

C.4. Lemma. Let ho (z Ai be such that 7 satisfies the e-6-jump condition in ho. 
Let 4> :V <Z M™ UC\M he a parametrization around hg such that (j) and $ := (f)^^ 
have extensions 4> & Cl{W^\H) and $ e C^(i/;M™). Then, there exist 5 > Q, a 
set B G £ with F{B'^) < 00 and a measurable mapping p : E ^ satisfying 

p(x)'^F{dx) < 00 such that 
(C.IO) 

||7(/i, x) - Dcj){y){^{h + 7(/i, a;)) - $(/i))|| < p{xf for F-almost all xe B, 

for all h e Bs{ho) f] M, 

where y — (j)^^{h). 

Proof. Since 7 satisfies the e-(5-jump condition in /ig, there exist 5 > Q and a set 
B e E with F{B'') < 00 such that 

h + 7(/i, x) eU nM for F~almost ah x £ B, for all h € Bs{ho) n M. 

Furthermore, there exists n G N such that \\h\\ < n for all h £ Bs{ho) n M. Let 
/i G 55(^.0) n >i be arbitrary and set y := 4>~^{h). With ||£)20||oo and 

iV := ||£>$||oo, by Taylor's theorem and ( |2.7[ ), for F-almost aU B e £ we obtain 

\\^{h,x) - i?0(y)($(/i + 7(/i,x)) - $(/i))|| 

< + 7(/i, x))) - (/-(^(/i)) - D4>{y)mh + 7(/i, x)) - 

< iM||$(/j + 7(/.,a;))-<i>(/i)||2 < iMiV||7(/i, < ]^MNpr,{xf, 



proving ( |C.10p . □ 

For a closed subspace K C H we denote by Hk : H ^ K the orthogonal 
projection on K, that is, for each h € H the vector IlKh is the unique element from 
K such that 

\\UKh~h\\ = inf 

C.5. Lemma. Suppose that 7 satisfies the e~d-jump condition on M. Then, the 
following statements are true: 
(1) For each h Cz M we have 



(C.ll) / \\Il^T,MVliKx)\\Fidx) <cx,. 

Je 

(2) The mapping 
(C.12) M^H, h^ [ U(^T^M)^lih,x)F{dx) 

is continuous. 

Proof. Let ho G A4 he arbitrary. By Lemma |B.11| there exists a parametrization 
(j) : V C M™ U n A4 around ho such that (p and $ := have extensions 
(j) e Cfc2(M™;iJ) and $ G Cbi(i7;M"). According to Lemma [C^i] there exist S > 0, 
a. set B G £ with F{B'^) < 00 and a measurable mapping p : E ^ satisfying 
p{x)^F{dx) < 00 such that (C.IO) is satisfied. Let h G Bs{ho) fl be arbitrary. 
Then, for F-almost all a; G i? we obtain 

lln(T;.Ai)^7(^,a:)|| = \\-f{h,x) -UT^Mlih,x)\\ 

< \\jih,x)-D(l)iy)mh + j{h,x))-^h))\\<pixf. 



Moreover, by (2.6), for each x G F the mapping 

H ^ H, h^ ^(ThM)^l{h, x) 
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is continuous. Together with Lebesgue's dominated convergence theorem and Lemma 
A. 18 we deduce (C.ll) and the continuity of the mapping (C.12). □ 



C.6. Remark. Lemmas C.3 and C.5 show that the jump condition (1-4-) implies 
condition {1.9), as pointed out in the introduction. 

C.7. Lemma. Suppose that 7 satisfies the e-6-jump condition on M and let 4> : 
V C M™ — > [/ n be a parametrization such that (f> and $ := have extensions 
4> G C^(M'"; H) and $ € Cl{H] M™). Then, the following statements are equivalent: 



(1) We have 

I \{T]hn{h,x))\F{dx) <oo, heundM. 
Je 

(2) We have 

\{r]h, D(t>iy)i^{h + j{h,x)) - 'S?ih)))\F{dx) < 00, h & U Ci dM 
where y — (j)^^{h). 



Proof. Let h E U D dM be arbitrary and set y :— (p ^{h). By Lemma C.4 there 
exists set B E £ with F{B'^) < 00 such that 



Setting M 



as weU as 



limniK - D<j>iy)mh + jih, x)) - \Fidx) < 00. 

||-D(/)||co and N :— ||D<i>||oo, by using Lemma A. 18 we have 



\{r,h,j{h,x))\F{dx) < 



\-f{h,x)\\F{dx) < 



<\\Vh\\MN \\jih,x)\\F{dx) <(x,. 



Therefore, the claimed equivalence follows. 



□ 



Let (3 : H ~> H and 7 : iJ x i? — > iJ be mappings such that conditions ( 2.6 1, ( 2.7 ) 
are fulfilled with the mappings pn ■ E ^ M+, n e N satisfying (3.4). Let B £ £ he 
a set with F{B'^) < 00 and define the mappings (3^ : H ^ H and : H x E H 
as 



7(ft., x)F{dx), 



-f^{h,x) ■.^-f{h,x)lB{x). 



Note that /? is well-defined according to Lemma A. 18 



C.8. Proposition. Suppose that 7 satisfies the e-S-jump condition on Ai. Then, 
the following statements are true: 
(1) We have 

(C.13) 
(C.14) 
(C.15) 



\{Tlh,l{h,x))\Fidx), hedM 

p{h) - [ n(i.,^^)^7(/i, x)F{dx) e ThM, heM 

(77^, (3ih)) ~ f (?7ft, 7(/i, x))F{dx) > 0, hedM 
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if and only if 

\{ijh,l''{h,x))\F{dx), hedM 

(3^{h)- [ W(T^M)^l^{h.x)F{dx) cThM, heM 



(C.16) 






J E 


(C.17) 






JE 


(C.18) 




(2) 


The mapping in { 



{Vh^P'^m - / {T]h,7''ih,x))F{dx) > 0, he dM. 



C.17) is continuous on Ai . 



Proof. This is a consequence of Lemmas |C.9HC.lI1 below. 
C.9. Lemma. Conditions {CIS) and { C.16) are equivalent. 
Proof. Let h e dAi be arbitrary. Then we have 

\{r^h,lih,x))\F{dx)= f \{i^hn{h.x))\F{dx)+ I \{TiH.l{h,x))\F{dx) 



□ 



\{i^hn{Kx))\F{dx) + / \{r^hn''{h,x))\F{dx) 



Taking into account Lemma |A.18[ the claimed equivalence ( |C.13[ ) <^ ( |C.16P follows. 

□ 

C.IO. Lemma. Suppose that 7 satisfies the e-S-jump condition on Ai. Then, the 
following .statements are true: 

(1) Conditions (C.14-) and \C. 1 ? ) are equivalent. 

(2) The mapping in {C.I4) is continuous on M if and only if the mapping in 
(C.ll) is continuous on Ai. 

Proof. Let ft, e be arbitrary. The calculation 

/3^(ft)- / T\^r,MVl''{h,x)F{dx) 

JE 

= P{h)-l l{Kx)F{dx)~ [ n^T,M)^lih,x)F{dx) 

J B" J B 

= P{h)- f Ilt^r,M)^lih,x)F{dx)~ f jih,x)F{dx) 

J E J B<: 

^{T^M)^l{h-,x)F(dx) + / n^^J^^J^)±-i{h,x)F{dx) 

JE 

= P{h)- f nt^r,M)^l{h,x)F{dx) ~nT,M I l{h,x)F{dx), 

J E J B<: 

together with Lemma |A.18[ proves the claimed equivalences. □ 



C.ll. Lemma. Suppose that (C.13) is satisfied. Then, conditions (CI 5) and [C.18) 
are equivalent. 



Proof. According to Lemma C.9 condition (C.16) is satisfied, too. Let h S dAi be 
arbitrary. Then we have 

{rih,l3''{h))- I {vh,l''{h,x))F{dx) 



Uh,m- / l{h,x)F{dx)\ - / {Tih.l{h,x))F{dx) 
{Vh,l3{h))- f {r^hMh,x))F{dx), 
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proving the claimed equivalence (C.15) ■i^ (C.I8I 



□ 



Let G be another separable Hilbert space and let JV an m-dimensional C^- 
submanifold with boundary of G. We assume there exist parametrizations : C 
M."]^ M and ip : V C Af. Defining /:=(/) o V"^ : ^ 7W and g := 

ip o : M. ^ N, the situation is illustrated by the following diagram: 



AAc G: 



■McH 




^, "if :— tp ^ have extensions (j> £ 



■,H), 



We assume that 0, tp, $ :— 

ip e C^3(M™;G), $ e C^iH-^R""), * e Gf(G;E'"). Consequently, the mappings 
/, g have extensions / S G^{G;H), g e C^{H;G). Let O^h C G>i C be 
subsets such that Dm is open in M. We define the subsets O^f C Gaa C A/" by 
Oat '■= g{OM), Cj^ := g{GM) and the subsets Oy C Gy C V by Oy := V H^tva), 
Gy := '0~^(Gaa). Since f : Af ^ M and V : ^ — ^ A/" are homeomorphisms, is 
open in A/" and Oy is open in V. 

Let 13 : Dm ^ H, : H ^ H, j e N, : H X E H wd a : Oa/ G, 
: G ^ G, j £ N, c : G X E ^ G he mappings satisfying the regularity conditions 



(2.3), (2.4) and (2.6)-(2.8). 



In the sequel, for z £ dM the vector denotes the inward pointing normal 
(tangent) vector to dN at z. 

C.12. Proposition. Suppose that 

(C.19) a{z) = ir^z), z e OaA 

(C.20) Viz) = {f*a^){z), j eN andze Ojs/ 

(C.21) c(z, a;) = {f*"f)(z, x) for F -almost all x Cz E, for all z G 

and that the following conditions are satisfied: 



(C.22) 
(C.23) 
(C.24) 

(C.25) 
(C.26) 



<j^{h)eThM, he Dm, jeN 
a^h)eThdM, heOMndM, j eN 

h + 7(/i, a;) G Gm for F -almost all x Cz E, for all h G Om 
\{rih,-f{h,x))\F{dx) < 00, heOM<^dM 



-/ ^(T^M)^l{h,x)F{dx) (^ThM, heOM 

J E 

(C.27) {Vh.m) -\Y.^r^h.Da^{h)<j^{h)) 

{r]h,j{h,x))F{dx) >0, heOMf^dM. 
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Then, the following conditions also hold true: 



(C.28) 
(C.29) 
(C.30) 

(C.31) 
(C.32) 



(C.33) 



h^{z) e T,dM, z<=,Oj^r]dU, j e N 

z + c(z, x) e CV for F-almost all x ^ E, for all z G Oj\f 
c{z, x))\F{dx) < oo, zeO^fCidAf 



a{z)-^-J2DViz)b\z) 

- / ^{T,Ar)^c{z,x)F{dx) e T^Af, z e Of^ 

JE 

(6,a(z))-^5](e.,i?6^"(z)6^(z)) 



(^3,c(z,a;))F(dx) > 0, z€OJ^\^^N. 



For the proof of Propo sition |C. 12 we prepare several auxiliary results. Note that, 
under conditions ( C.19[ )-( C.21| , for all z G Oj\f we have 



a{z) - Dg{h)m + lY.D'9{h){<j\h),a^{h)) 



+ / {g{h + jih,x)) ~ gih) - Dg{hh{h,x))F{dx), 



(C.34) 



(C.35) V{z) = Dg{h)a^{h) for all j e N, 

(C.36) c{z, x) = g{h + j{h, x)) — g{h) for i^-almost all x G E, 

where h = f{z) e 0^1- 

CIS. Lemma. Let h £ M be arbitrary and set z = g{h) e N . 

(1) For each w G ThM. we have Dg{h)w £ T^M . 

(2) For each w S {ThM)+ we have Dg(h)w G {T^U)+. 

(3) For each w G ThdM we have Dg{h)w G T^dN . 

^^^{h) G V. By Lemma 



B.12 



we 



Proof. Let w G T^Ad be arbitrary and set y := 
have 

Dg{h)w = o = Di;{y)D^{h)w = Di;{y){D(j){y)-^w), 

proving the three assertions. □ 



C.14. Lemma. Suppose that (C.20) is satisfied. Then, the following statements 
hold true: 

(1) Condition 

(2) Condition 



C.22) implies 



C.23) implies 



'C.28). 



C.29). 



Proof. This follows from (C.35 1 and Lemma C.13 



□ 



C.15. Lemma. Suppose that (C.21) is satisfied. Then, condition (C.24-) implies 



C.30). 



Proof. Let z G Oj^ be arbitrary and set h := f{z) G Om- Then, by (C.36) and 
(C.24), for F-almost all x G E' we obtain 

z + c{z, x) ^ z + g{h + j{h, x)) - g{h) = g{h + j{h, x)) G C^v, 



showing (C.30 1. 



□ 
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C.16. Lemma. Suppose that 

h + j{h, x) G for F -almost all x G E, for all h G Om ■ 
Then 7 satisfies the e-S-jump condition on Om- 

Proof. Let Hq G Om be arbitrary. By Lemma |C.3[ and since Om is open in M. , 



there exist < S < e and a set B d £ with F{B'^) < 00 such that B^{ho) n is 
compact, B^{ho) n C Om and (C.8) is satisfied. Noting that 



B,iho)r\M^B,iho)no, 



Ml 



we deduce that 



h + 7(ft,, x) G Be{ho) n Oth for F-almost aU x e B, for ah G Bs{ho) n Oth, 
finishing the proof. □ 



C.17. Corollary. Suppose that condition {C.24) is satisfied. Then, the following 
statements are true: 

(1) For each h G Om we have 

\^{T^M)^l{h,x)\\F{dx) < 00. 



(2) The mapping 



Om^H, h^ n(^r^M)^lih,x)F{dx) 

J E 



is continuous. 



Proof. This is a direct consequence of Lemmas C.16 and C.5 



□ 



C.18. Lemma. For every h G dM there exists a unique number A > such that 

(C.37) {i,,Di,{y)v) = A(77,„ D<i>{v)v) for all v G R"\ 

where y = (j)~^{h) and z = ijj{y). Moreover, we have 

(C.38) {^,,Dg{h)w) ^ X{rih,w) forallweThM. 



Proof. Identity (C.37) is a direct consequence of Lemma B.9 Using Lemma B.12 
and (C.37), for aU w G ThM we obtain 

{^,,Dgih)w) = {^,,D{,po^){h)w) - {^,,D^iy)D^h)w) 



which proves (C.38). 



□ 



C.19. Lemma. Suppose that (C. 21 ), {C.24) o-re satisfied. Then, condition (C.25) 
implies (C.31). 



Proof. According to Lemma C.15 condition (C.30) is satisfied, too. Let z G Oj^ Pi 
dM be arbitrary. We set h := f{z) G 0>t n dM and y := (t)~^{h) G n dV. By 
Lemma |C. 71 we have 



\{Tjh,D^{y)mh + 7(/i, x)) - <^{h)))\F{dx) < 00. 
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Using (C.36) and Lemma [C. 18 for some A > we obtain 

\{^,,Dijiy)i^{z + c{z, x)) - ^{z)))\Fidx) 



\{C.,D^{y){^{gih + ^{h,x)))-M>{z)))\F{dx) 
\{^,,D^P{y)mh + ^{h,x))^^h)))\F{dx) 
A / \{r^h,D^{y)mh + ^ih,x))-^h)))\F{dx) 



Applying Lemma C. 7 yields condition (C.31). 



□ 



C.20. Lemma. Suppose that (C.20), (C.22) are satisfied and let j e N fee arbitrary. 
For each z G Oj^ we have the decomposition 

DV{z)V{z) = Dg{h){Da^h)(j^ (h)) + D^g{h){a^ {h),<T^ (h)), 

where h = f{z) e Om- 



Proof. According to Lemma C.14 condition (C.28) is satisfied, too. Note that, by 
Lemma B.12 and ( C.35[ ), for all y G Ov we have 

D(f>{y)-^a^{h) = D^{h)a^{h) ^ D(* o g){h)a^{h) = D^{z)Dg{h)a^ {h) 

= D^{z)V{z) = D%lj{yy^V{z), 

where h :— 4>{y) G Om and z := V'(j/) G Oj\f. We define the mapping 

: Ov M™, e^{y) := D(P{y)-'^a\h), where h := 0(y). 

Let z G Of^f be arbitrary. We set h := f{z) G Om and y :~ (l>^^{h) G Ov- Using 
Lemma |C.1| we obtain the decompositions 

(C.39) Da'{h)a=ih) = D(j,{y){D0\y)e^y)) + (j,{y) (O^y) , 9^ {y)) , 

(C.40) DV{z)V{z) = Dijiy)iDe^iy)e^{y)) + D^^{y)(6= {y),e^ {y)). 

Note that we have 
(C.41) 

Di^{y){De={y)9\y)) = D{g o 4>){y){De= {y)e^ {y)) = Dgih)D<P{y){D9' {y)e' (y)). 
By the second order chain rule we obtain 

D''i:{y) {6= (y) , 6^ {y)) = {g o cf>) (y) {d^ {y) , 6^ {y)) 
(C.42) = D^g{h)(D(ly{y)e^{y),D<ly{y)e'{y))+Dg{h){D^{y){e^{y),eHy))) 

^D'g{h) (a^ {h),<j^{h))+ Dg(h) {D^<j>{y) {9^ (y) ,e^{y))). 
Moreover, by ( |C.39 ) we have 

Dg{h){D^<j>iy){9'{y),0^iy))) 

= Dg{h){Da^{h)Da^h)) ~ Dg{h)D^{y){De^ {y)e^ {y)). 
Inserting ( |C.41[ )-( |c!43l ) into \C.4Q\ we arrive at 

DV{zW{z) = Dg{h)Dcj,{y){De'{y)e^{y))+D^g{h){a^{h),a^{h)) 
+ Dg{h){DmyW{y),e^{y))) 
= Dg{h)Dcl>{y){D9^ {y)e^ (y)) + D^g{h){a^ {h),aHh)) 

+ Dg{h){DaHh)a^{h)) - Dg{h)D<j>{y){De^ {y)e\y)) 
= Dg{h){Dcr^{h)aHh)) + D^g{h){a^h),a^{h)), 
completing the proof. □ 



(C.43) 
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C.21. Lemma. Suppose that (C.19)-(C.21) and {C.22), {C.24) are satisfied. Then, 
condition (C.26) implies (C.32). 



Proof. According to Lemma C.15 condition (C.30I is satisfied, too. Let z G Oj^ be 
arbitrary and set h f{z) e Om- By (C.34|, (C.36) we obtain 



a(z) - - Vm^(z)&''(z) - / Hfrr j^)^c{z,x)F{dx) 
2 JEN 

= Dg{h)P{h) + \Y, D^g{h){a={h), a\h)) 



+ / {g{h + -i{h,x))-g{h)-Dg{h)^{h,x))F{dx) 
Je 

- JE^^'(^)^'W- / ^iT^^y{9{h + l{h,x)) - gih))Fidx). 



Thus, by Lemma C.20 relation (C.26 1 and Lemma C.13 



we arrive at 



a(z)-i^W(z)6^"(z)- / n^T^^)^ciz,x)F{dx) 

= Dgih)/3ih) - i ^ Dgih)iDa^h)a'{h)) 

- I {liT^M{9{h + l{h,x))-g{h))+Dg{h)^{h,x))F{dx) 
Je 

= Dg{h)(m-\Y.^'''^^)'''^^)- I ^(T,M)-l{Kx)F{dx) 
\ ^jgN Je > 

[lirMgih + j{h, x)) - g{h)) + Dg{h)nT^Ml[K x))F{dx) G TM, 



proving that (C.32) is fulfiUed. 



□ 



C.l. Proo f of P r oposi tion [CA2t According to Lemmas [CHl [Cl5l [ClOl [021] 

conditions ( C.28 1-( C.32 ) arc satisfied. Let z G Ofj- be arbitrary and set h := f{z) G 
Om - By ( |C.34| ), ( [OSef and Lemma [020] we obtain 

{^.,a{z))-^Y.(^,^DViz)bHz))- f (C.,c(z,a;))F(dx) 
[i. , Dg{h)m + \Y. D'aih) i<y' ih) , (h)) 

{g{h + 7(/i, x)) ~ g{h) - Dg(h)^(h, x))F(dx)) 
-\Y,{L.DV{z)V{z))~ [ {i,,g{h + ^ih,x))-g{h))F{dx) 



{^,,Dgih)/3ih))-lj2(^z,Dgih)iDa^ih)a={h))) 

3 en 

{i,,Dg{h)^{h,x))F{dx). 
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Taking into account Lemma C.18 by (C.26), (C.27) for some A > we get 
(e.,a(z))-i^(^„W(z)fr'"(z))- / {^,,ciz,x))Fidx) 

- I {i.,Dg{h)IlT,Ml{Kx))F{dx) 

J E 

= X{vh,m -\Y.Da^{h)a\h) - ( n(r,MVl{Kx)F{dx)) 

-A / {r]h,IlT^Mlih,x))F{dx) 
Je 

^\(^{TjH,m) ~\Y,{^h.Da^{h)a\h)) - j^{rjH,^{h,x))F{dx)^ > 0, 



showing that (C.33I is satisfied. This completes the proof of Proposition C.12 



C.22. Proposition. Suppose we have (ai!^ - (a2iy and (02^ , {£2^, (a26\ l. 

Then, the following conditions also hold true: 

(C.44) p{h)^{g*a){h), h e Om 

(C.45) cr^{h) = {g*V){h), j eN andhe Om 

(C.46) ^{h,x) — {g*c){h,x) f or F -almost all x £ E , for all h € Om- 



For the proof of Proposition C.22 we prepare some auxiliary results. Note that 
for each h € Om we have 

(C.47) {g*a){h)=Df{z)a{z) + lY.D'f(')(^i')^^(')) 

+ f {f[z + c[z,x))~ f(z)-Df{z)c{z,x))F{dx), 
Je 

(C.48) {9*V){h) ^ Df{z)V{z) for all j e N, 

(C.49) {g*c){h,x)^ f{z + c{z,x))~ f{z) for all a; G 

where z = g{h) e Ojs/. 

C.23. Lemma. Let h Cz A4 be arbitrary. Then we have 

Df{z)Dg{h)w ^ w for all w G T^M, 

where z = g{h) G J\f . 

Proof For /i G we set z := g{h) G Af and y := (j>^^{h) G V. By Lemma B.12 
for all w £ T^Ai we have 

Df{z)Dg{h)w = D{4> o ^){z)D{'il: o ^){h)w = D(t){y)D^{z)Dil){y)D^{h)w 

= D<j,{y)Di;{y)-'Dijiy)Dcj){y)-'w = w, 

which proves the claimed identity. □ 



C.24. Lemma. Conditions (C.20), {C.22) imply {C.45). 



Proof. Let h G Om be arbitrary and set z := g{h) G Oj^. By ( C.48 1, ( C.35 1, Lemma 



C.23 and (C.22), for each j G N we obtain 



{g*Vm = Df{z)b>{z) - Df{z)Dg{h)a^{h) - a^{h), 



proving that (C.45) is fulfilled. 



□ 
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C.25. Lemma. Conditions IC.21^, imply loM. 



Proof. Let h £ Om be arbitrary and set z :— g{h) e O^f. By (C.49I, (C.36I and 



(C.24), for F-almost all x € E we obtain 



ig*c){h, x) - f{z + c{z, x)) - f{z) = f{z + g{h + ^{h, x)) - g{h)) - f{z) 
^ fidih + x))) -h^ 7(/i, x), 



showing that (C.46I is satisfied 



□ 



(C.46) are satisfied. Let h e Om be arbitrary and set z g{h) € O^. By (C.47I 



C.2. Proof of Proposition C.22 By Lemmas C.24 C.25 conditions (C.45I 



(C.34) we obtain 



{g*a){h) = Df{z)a{z) + ^ ^ 6^' 



+ / {.f{z + c{z,x))- f{z)-Df[z)c{z,x))F{dx) 

JE 

Df{z) (Dg{h)m + ^ E D'9m^'ih),a^{h)) 



+ / {9{h + -f{h,x))-g(h)-Dg{hh{h,x))F{dx) 

JE 

+ / {J{z + c{z,x))- f{z)- Df[z)c{z,x))F{dx). 

JE 



By (C.22) and Lemma C.13 condition (C.28I is satisfied, too. Hence, applying 



Lemma C.20 two times, by taking into account (C.20), (C.22| and (C.45I, (C.28) 



and using (C.36I as well as (C.46I, (C.49I we get 



{g*a){h) = Df{z) (Dg{h)m + ^ ^ {DV {z)V [z) - Dg{h){D<j\h)a\h))) 

+ ^ {g{h + 7(/i, x)) - g{h) - Dg{hMh, x))F{dx)^ 
+ ^ E {Da\h)a\h) - Df{z)iDb^iz)Viz))) 

+ [ {j{h,x) - Df{z){g{h + j{h,x)) - g{h)))F{dx) 

JE 

= Df{z)Dg{h) Uh) \ E 

(7(/i, x) - Df{z)Dg{hh{h, x))F{dx). 
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Using (C.26), by Lemma C.23 we obtain 



{9*a){h) = Df{z)Dg{h)(m --^Y^Da' {h)a^ {h) \ +WDa^{h)<r'{h) 



2 ^ 2 



+ / [liTnMliKx) - Df{z)Dg{h)IiT,Ml{h,x) 

J E 

+ ^(T,M)^l{h. x) - Df{z)Dg{h)n^T,M)^l{h, x))F{dx) 
-Df{z)Dg{h)(m-\Y.^'''^^>'^^)- I ^(T,M)-l{h.x)F{dx) 

+ \Y.D^'^h)^'(h) + jj^iT,M)^i(h,x)F{dx) = m, 



showing that (C.44| is fulfiUed. This completes the proof of Proposition C.22 
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